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Ïîñîáèå ïðåäñòàâëßåò ñîáîé ðóêîâîäñòâî ïî ðåøåíèþ çàäà÷
ðàçäåëà ¾Èíòåãðèðîâàíèå ôóíêöèé îäíîãî ïåðåìåííîãî¿ ìàòå-
ìàòè÷åñêîãî àíàëèçà. ×àñòü 1 ïîñâßùåíà íåîïðåäåëåííûì èíòå-
ãðàëàì (îñíîâíûå ïîíßòèß, ñâîéñòâà, ìåòîäû èíòåãðèðîâàíèß),
ñîäåðæèò íåîáõîäèìûå òåîðåòè÷åñêèå ñâåäåíèß è ðåøåíèß òè-
ïîâûõ çàäà÷. Ïðèâîäßòñß óïðàæíåíèß è çàäà÷è äëß ñàìîñòîß-
òåëüíîé ðàáîòû, ñïîñîáñòâóþùèå âûðàáîòêå óñòîé÷èâûõ íàâû-
êîâ âû÷èñëåíèß èíòåãðàëîâ. Ïîñîáèå ïðåäíàçíà÷åíî äëß ñòó-
äåíòîâ ôèçèêî-ìàòåìàòè÷åñêèõ ñïåöèàëüíîñòåé óíèâåðñèòåòîâ.
c© Ôèçè÷åñêèé ôàêóëüòåò Êàçàíñêîãî ãîñóäàðñòâåííîãî óíè-
âåðñèòåòà. 2004
3Ïðåäèñëîâèå
Äàííîå ïîñîáèå íàïèñàíî íà îñíîâå ìíîãîëåòíåãî îïûòà âå-
äåíèß ïðàêòè÷åñêèõ çàíßòèé íà ôèçè÷åñêîì ôàêóëüòåòå Êàçàí-
ñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà è ïðåäñòàâëßåò ñîáîé ðó-
êîâîäñòâî ïî ðåøåíèþ çàäà÷ ðàçäåëà ¾Èíòåãðèðîâàíèå ôóíê-
öèé îäíîãî ïåðåìåííîãî¿ ìàòåìàòè÷åñêîãî àíàëèçà. Öåëü ïî-
ñîáèß  íå òîëüêî ïîìî÷ü ñòóäåíòàì â ïðèîáðåòåíèè ïðàêòè-
÷åñêèõ íàâûêîâ âû÷èñëåíèß èíòåãðàëîâ, íî è ñïîñîáñòâîâàòü
ðàçâèòèþ ó ñòóäåíòîâ êóëüòóðû ìàòåìàòè÷åñêèõ âû÷èñëåíèé â
öåëîì.
Ãëàâíîå âíèìàíèå â êíèãå óäåëåíî ïîäáîðó è ðåøåíèþ òèïî-
âûõ çàäà÷ óêàçàííîãî ðàçäåëà (îò ñàìûõ ïðîñòûõ äî ñëîæíûõ),
ïîýòîìó îñíîâíûå òåîðåòè÷åñêèå ñâåäåíèß è ôîðìóëû ïðèâåäå-
íû ëèøü â îáú¼ìå, íåîáõîäèìîì äëß èõ îñìûñëåííîãî ïðàêòè÷å-
ñêîãî èñïîëüçîâàíèß. Ïðè ðåøåíèè çàäà÷ àâòîðû ñòðåìèëèñü íå
òîëüêî íàó÷èòü ÷èòàòåëß ¾òåõíè÷åñêèì ïðè¼ìàì¿ èíòåãðèðîâà-
íèß, íî è ¾ñêëîíèòü¿ ê ðàçìûøëåíèþ íàä ¾òîíêèìè ìåñòàìè¿
âû÷èñëåíèé, ê ïîèñêó îïòèìàëüíîãî ñïîñîáà ðåøåíèß, äëß ÷åãî
íåêîòîðûå çàäà÷è ðåøàëèñü íåñêîëüêèìè ñïîñîáàìè.
Ïîñîáèå ñîäåðæèò çàäà÷è äëß ñàìîñòîßòåëüíîé ðàáîòû â îáú-
¼ìå, íåîáõîäèìîì äëß óñïåøíîãî îâëàäåíèß íàâûêàìè ýëåìåí-
òàðíîãî èíòåãðèðîâàíèß. Âñå çàäà÷è ñíàáæåíû îòâåòàìè äëß
ñàìîêîíòðîëß.
Êíèãà ðàçäåëåíà íà òðè ÷àñòè. Ïðåäëàãàåìàß íèæå ×àñòü 1
ïîñâßùåíà òåìå ¾Íåîïðåäåëåííûé èíòåãðàë (îñíîâíûå îïðåäå-
ëåíèß, ïîíßòèß, ìåòîäû èíòåãðèðîâàíèß)¿.
Ïðè íàïèñàíèè ïåðâûõ ÷åòûðåõ ïàðàãðàôîâ áûëî èñïîëüçî-
âàíî ó÷åáíîå ïîñîáèå [1].
Ðàññìîòðåííûå â ïßòîì ïàðàãðàôå çàäà÷è îòîáðàíû èç ñáîð-
íèêà çàäà÷ [2], êîòîðûé ßâëßåòñß ïðîãðàììíûì çàäà÷íèêîì ïî
4ìàòåìàòè÷åñêîìó àíàëèçó äëß ôèçè÷åñêîãî ôàêóëüòåòà ÊÃÓ
(íóìåðàöèß ñîõðàíåíà).
Çàäà÷è äëß ñàìîñòîßòåëüíîé ðàáîòû è îòâåòû ê íèì, ïðèâå-
äåííûå â ïàðàãðàôàõ øåñòü è ñåìü ñîîòâåòñòâåííî, âçßòû èç
ó÷åáíîãî ïîñîáèß [3] (íóìåðàöèß èçìåíåíà).
Âòîðàß ÷àñòü ïîñîáèß òàêæå áóäåò ïîñâßùåíà íåîïðåäåëåí-
íûì èíòåãðàëàì (èíòåãðèðîâàíèå ðàöèîíàëüíûõ, èððàöèîíàëü-
íûõ, òðèãîíîìåòðè÷åñêèõ, òðàíñöåíäåíòíûõ ôóíêöèé). Â òðå-
òüåé ÷àñòè áóäóò ðàññìàòðèâàòüñß îïðåäåëåííûå èíòåãðàëû âìå-
ñòå ñ ïðèëîæåíèßìè.
Àâòîðû ñòðåìèëèñü èçëàãàòü ìàòåðèàë íà óðîâíå, äîñòóïíîì
øèðîêîìó êðóãó ñòóäåíòîâ.
Îáú¼ì è ñîäåðæàíèå ïîñîáèß ñîîòâåòñòâóþò ïðîãðàììå êóð-
ñà ¾Ìàòåìàòè÷åñêèé àíàëèç¿ äëß ôèçè÷åñêèõ ñïåöèàëüíîñòåé
óíèâåðñèòåòîâ. Êíèãà ìîæåò îêàçàòüñß ïîëåçíîé òàêæå ïðè ñà-
ìîñòîßòåëüíîì èçó÷åíèè ìàòåìàòè÷åñêîãî àíàëèçà.
51. Îñíîâíûå îïðåäåëåíèß è ïîíßòèß
Îïðåäåëåíèå 1. Ïóñòü ôóíêöèß f îïðåäåëåíà íà íåêîòîðîì
êîíå÷íîì èëè áåñêîíå÷íîì ïðîìåæóòêå ∆ ÷èñëîâîé îñè R, ò.å.
íà èíòåðâàëå, ïîëóèíòåðâàëå èëè îòðåçêå.
Ôóíêöèß F , îïðåäåëåííàß íà ýòîì æå ïðîìåæóòêå, íàçûâà-
åòñß ïåðâîîáðàçíîé ôóíêöèåé (èëè ïðîñòî ïåðâîîáðàçíîé) ôóíê-
öèè f íà ∆, åñëè
1) ôóíêöèß F íåïðåðûâíà íà ∆;
2) âî âñåõ âíóòðåííèõ òî÷êàõ x ïðîìåæóòêà ∆ ôóíêöèß F
èìååò ïðîèçâîäíóþ è F ′(x) = f(x).
Èíîãäà âìåñòî ¾ïåðâîîáðàçíàß äàííîé ôóíêöèè¿ ãîâîðßò ¾ïåð-
âîîáðàçíàß äëß äàííîé ôóíêöèè¿.
Åñëè ôóíêöèß F ßâëßåòñß êàêîé-ëèáî ïåðâîîáðàçíîé ôóíê-
öèè f íà ïðîìåæóòêå ∆, òî âñßêàß ôóíêöèß âèäà F (x) + C
òàêæå ßâëßåòñß ïåðâîîáðàçíîé ôóíêöèåé f , è, íàîáîðîò, âñßêàß
ïåðâîîáðàçíàß ôóíêöèè f ïðåäñòàâèìà â âèäå F (x) + C.
Îïðåäåëåíèå 2. Ñîâîêóïíîñòü âñåõ ïåðâîîáðàçíûõ ôóíêöèè
f , îïðåäåëåííûõ íà íåêîòîðîì ïðîìåæóòêå ∆, íàçûâàåòñß íå-
îïðåäåëåííûì èíòåãðàëîì îò ôóíêöèè f íà ýòîì ïðîìåæóòêå
è îáîçíà÷àåòñß ÷åðåç ∫
f(x)dx.
Ñèìâîë
∫
íàçûâàåòñß çíàêîì èíòåãðàëà, f(x)  ïîäûíòå-
ãðàëüíîé ôóíêöèåé, f(x)dx  ïîäûíòåãðàëüíûì âûðàæåíèåì,
x  ïåðåìåííîé èíòåãðèðîâàíèß.
6Òàêèì îáðàçîì, ñîãëàñíî îïðåäåëåíèþ,
∫
f(x)dx = {F (x) + C},
ãäå ôèãóðíûå ñêîáêè ßâëßþòñß ñèìâîëîì ìíîæåñòâà. Îäíàêî,
â öåëßõ ñîêðàùåíèß çàïèñè ôèãóðíûå ñêîáêè, êàê ïðàâèëî, íå
ñòàâßò, è ïèøóò ∫
f(x)dx = F (x) + C.
Èíîãäà òîò æå ñèìâîë
∫
f(x)dx èñïîëüçóåòñß äëß îáîçíà÷åíèß
íå âñåé ñîâîêóïíîñòè ïåðâîîáðàçíûõ, à êàêîé-òî îäíîé ïåðâîîá-
ðàçíîé ôóíêöèè f . Îäíàêî, âñßêîå ðàâåíñòâî, â îáåèõ ÷àñòßõ
êîòîðîãî ñòîßò íåîïðåäåëåííûå èíòåãðàëû, åñòü ðàâåíñòâî
ìåæäó ìíîæåñòâàìè.
2. Îñíîâíûå ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà
(1) Ïóñòü ôóíêöèß F íåïðåðûâíà íà ïðîìåæóòêå ∆ è äèô-
ôåðåíöèðóåìà â åãî âíóòðåííèõ òî÷êàõ, òîãäà∫
dF (x) = F (x) + C,
èëè, ÷òî òî æå,∫
F ′(x)dx = F (x) + C.
(2) Ïóñòü ôóíêöèß f èìååò ïåðâîîáðàçíóþ íà ïðîìåæóòêå
∆; òîãäà äëß ëþáîé âíóòðåííåé òî÷êè ïðîìåæóòêà ∆
èìååò ìåñòî ðàâåíñòâî
d
∫
f(x)dx = f(x)dx.
(Â äàííîé ôîðìóëå ïîä ñèìâîëîì
∫
f(x)dx ïîíèìàåòñß
ïðîèçâîëüíàß ïåðâîîáðàçíàß F ôóíêöèè f).
(3) Åñëè ôóíêöèè f è g èìåþò ïåðâîîáðàçíûå íà ∆, òî è
ôóíêöèß f+g òàêæå èìååò ïåðâîîáðàçíóþ íà ∆, ïðè÷åì∫
(f(x) + g(x)) dx =
∫
f(x)dx+
∫
g(x)dx.
7Ýòî ðàâåíñòâî âûðàæàåò ñîáîé ñîâïàäåíèå äâóõ ìíîæåñòâ
ôóíêöèé è îçíà÷àåò, ÷òî ñóììà êàêèõ-ëèáî ïåðâîîáðàç-
íûõ äëß ôóíêöèé f è g ßâëßåòñß ïåðâîîáðàçíîé äëß
ôóíêöèè f + g, è, íàîáîðîò, âñßêàß ïåðâîîáðàçíàß äëß
ôóíêöèè f + g ßâëßåòñß ñóììîé íåêîòîðûõ ïåðâîîáðàç-
íûõ äëß ôóíêöèé f è g.
Ñâîéñòâî 3 íàçûâàåòñß àääèòèâíîñòüþ èíòåãðàëà îò-
íîñèòåëüíî ôóíêöèé.
(4) Åñëè ôóíêöèß f èìååò ïåðâîîáðàçíóþ íà ïðîìåæóòêå ∆
è λ  ÷èñëî, òî ôóíêöèß λf òàêæå èìååò íà ∆ ïåðâîîá-
ðàçíóþ, ïðè÷åì ïðè λ 6= 0 ñïðàâåäëèâî ðàâåíñòâî:∫
λf(x)dx = λ
∫
f(x)dx.
3. Òàáëè÷íûå èíòåãðàëû
Çàìåòèì, ÷òî îïåðàöèß íàõîæäåíèß íåîïðåäåëåííîãî èíòå-
ãðàëà îò äàííîé ôóíêöèè, íàçûâàåìàß èíòåãðèðîâàíèåì, ßâëß-
åòñß äåéñòâèåì, îáðàòíûì äèôôåðåíöèðîâàíèþ. Ïîýòîìó âñß-
êàß ôîðìóëà âèäà F ′(x) = f(x) ìîæåò áûòü îáðàùåíà, ò.å. çà-
ïèñàíà â âèäå èíòåãðàëüíîé ôîðìóëû:∫
f(x)dx = F (x) + C.
Íà îñíîâàíèè ýòîãî çàìå÷àíèß ñîñòàâëßåòñß òàáëèöà ïðîñòåé-
øèõ èíòåãðàëîâ, ïðåäñòàâëåííàß íèæå.
8ÒÀÁËÈÖÀ ÏÐÎÑÒÅÉØÈÕ ÈÍÒÅÃÐÀËÎÂ
I.
∫
dx = x+ C.
II.
∫
xndx =
xn+1
n+ 1
+ C, n 6= −1.
III.
∫
dx
x
= ln |x|+ C, (x 6= 0).
IV.
∫
dx
1 + x2
=
{
arctg x +C,
− arcctg x +C.
V.
∫
dx√
1− x2 =
{
arcsinx +C,
− arccos x +C.
VI.
∫
axdx =
ax
ln a
+ C (a > 0, a 6= 1),∫
exdx = ex + C.
VII.
∫
sinx dx = − cosx+ C.
VIII.
∫
cosx dx = sinx+ C.
IX.
∫
dx
sin2x
= −ctgx+ C.
X.
∫
dx
cos2x
= tgx+ C.
XI.
∫
shxdx = chx+ C. XII.
∫
chxdx = shx+ C.
XIII.
∫
dx
sh2x
= −cthx+ C. XIV.
∫
dx
ch2x
= thx+ C.
9Äàëåå ïðèâåäåì åùå âîñåìü èíòåãðàëîâ, êîòîðûå ñ÷èòàþòñß òàá-
ëè÷íûìè è íàõîäßòñß ñ ïîìîùüþ èñïîëüçîâàíèß ïðîñòåéøèõ
ìåòîäîâ èíòåãðèðîâàíèß è èíòåãðàëîâ IXIV, óêàçàííûõ â òàá-
ëèöå âûøå.
XV.
∫
dx
x2−a2 =
1
2a
ln |x−a
x+a
|+ C (a 6= 0),∫
dx
x2−1 =
1
2
ln |x−1
x+1
|+ C.
XVI.
∫
dx
x2+a2
= 1
a
arctgx
a
+ C (a 6= 0).
XVII.
∫
xdx
x2±a2 =
1
2
ln |x2 ± a2|+ C.
XVIII.
∫
dx√
x2±a2 = ln |x+
√
x2 ± a2|+ C.
XIX.
∫
dx√
a2−x2 = arcsin
x
a
+ C (a > 0).
XX.
∫
xdx√
a2±x2 = ±
√
a2 ± x2 + C.
XXI.
∫ √
a2 − x2dx = x
2
√
a2 − x2 + a2
2
arcsinx
a
+ C (a > 0).
XXII.
∫ √
x2 ± a2dx = x
2
√
x2 ± a2 ± a2
2
ln |x+√x2 ± a2|+ C.
Åñëè ïåðâîîáðàçíàß íåêîòîðîé ôóíêöèè f ßâëßåòñß ýëåìåíòàð-
íîé ôóíêöèåé, òî ãîâîðßò, ÷òî èíòåãðàë
∫
f(x)dx âûðàæàåòñß
÷åðåç ýëåìåíòàðíûå ôóíêöèè èëè ÷òî ýòîò èíòåãðàë âû÷èñ-
ëßåòñß.
4. Îñíîâíûå ìåòîäû èíòåãðèðîâàíèß
(1) Ìåòîä ðàçëîæåíèß. Åñëè f(x) = g(x) + h(x), òî∫
f(x)dx =
∫
g(x)dx+
∫
h(x)dx.
(2) Ìåòîä ââåäåíèß íîâîãî àðãóìåíòà. Åñëè∫
f(x)dx = F (x) + C,
òî ∫
f(u)du = F (u) + C,
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ãäå u = ϕ(x)  íåïðåðûâíî äèôôåðåíöèðóåìàß ôóíê-
öèß.
(3) Ìåòîä ïîäñòàíîâêè. Åñëè f(x) íåïðåðûâíà, òî, ïîëà-
ãàß
x = ϕ(t),
ãäå ϕ(t)  íåïðåðûâíàß âìåñòå ñî ñâîåé ïðîèçâîäíîé
ϕ′(t) ôóíêöèß, ïîëó÷èì∫
f(x)dx =
∫
f
(
ϕ(t)
)
ϕ′(t)dt.
(4) Ìåòîä èíòåãðèðîâàíèß ïî ÷àñòßì. Åñëè u è v 
íåêîòîðûå íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè îò
x, òî ∫
udv = uv −
∫
vdu.
Îòìåòèì, ÷òî ìåòîäû 2 è 3 ßâëßþòñß ðàçíîâèäíîñòßìè îäíîãî
îáùåãî ìåòîäà  ìåòîäà çàìåíû ïåðåìåííîé.
5. Ðåøåíèå çàäà÷
5.1. Èñïîëüçîâàíèå òàáëèöû ïðîñòåéøèõ èíòåãðàëîâ è
ìåòîäà ðàçëîæåíèß.
Ïðè ðåøåíèè çàäà÷ 16281653 ïðåäïîëàãàåòñß èñïîëüçîâàíèå
òîëüêî òàáëèöû ïðîñòåéøèõ èíòåãðàëîâ è ìåòîäà ðàçëîæåíèß.
1628.
∫
(3− x2)3dx.
Ðàñïèøåì êóá ðàçíîñòè â ïîäûíòåãðàëüíîì âûðàæåíèè:
(3− x2)3 = 27− 27x2 + 9x4 − x6.
Äàëåå èñïîëüçóåì ñâîéñòâà èíòåãðàëîâ 3,4 è ìåòîä ðàçëîæåíèß.
Òàêèì îáðàçîì, ïîëó÷àåì:∫
(3− x2)3dx = 27
∫
dx− 27
∫
x2dx+ 9
∫
x4dx−
∫
x6dx =
11
(èñïîëüçóåì òàáëè÷íûå èíòåãðàëû I, II)
= 27x− 27x
3
3
+ 9
x5
5
− x
7
7
+ C = 27x− 9x3 + 9
5
x5 − x
7
7
+ C.
1631.
∫ (
1−x
x
)2
dx.
Ïðåîáðàçóåì ïîäûíòåãðàëüíóþ ôóíêöèþ:(
1− x
x
)2
=
(
1
x
− 1
)2
=
1
x2
− 2
x
+ 1.
Èñïîëüçóß òàáëè÷íûå èíòåãðàëû I, II è III, ïîëó÷èì:∫ (
1− x
x
)2
dx =
∫ (
1
x2
− 2
x
+ 1
)
dx = −1
x
− 2 ln |x|+ x+ C.
1636.
∫
(1− 1
x2
)
√
x
√
xdx.
Ïðè âû÷èñëåíèè ýòîãî èíòåãðàëà èñïîëüçóþòñß ñâîéñòâà ñòåïå-
íåé è òàáëè÷íûé èíòåãðàë II:∫ (
1− 1
x2
)√
x
√
xdx =
∫ (
1− x−2)x 34dx = ∫ x 34dx− ∫ x− 54dx
=
4
7
x
7
4 +
4
x
1
4
+ C.
1638.
∫ √
x4+x−4+2
x3
.
Ïîäêîðåííîå âûðàæåíèå ïðåäñòàâëßåò ñîáîé ïîëíûé êâàäðàò
ñóììû: x4 + x−4 + 2 = (x2)2 + (x−2)2 + 2x2x−2 = (x2 + x−2)2.
Èìååì:∫ √
x4 + x−4 + 2
x3
dx =
∫ √
(x2 + x−2)2
x3
dx =
∫
x2 + x−2
x3
dx =
=
∫ (
1
x
+ x−5
)
dx = ln |x|+ x
−4
−4 + C = ln |x| −
1
4x4
+ C.
1639.
∫
x2dx
1+x2
.
Çàìåòèì, ÷òî ïîäûíòåãðàëüíàß ôóíêöèß åñòü íåïðàâèëüíàß äðîáü.
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Âûäåëèì öåëóþ ÷àñòü,  äëß ýòîãî â ÷èñëèòåëå äðîáè äîñòàòî÷-
íî ïðèáàâèòü è âû÷åñòü åäèíèöó: x2 = x2+1− 1︸ ︷︷ ︸
0
= (x2 + 1)− 1.
Òàêèì îáðàçîì, ïîëó÷èì:∫
x2dx
1 + x2
=
∫
(x2 + 1)− 1
1 + x2
dx =
∫
dx−
∫
dx
1 + x2
= x−arctgx+C.
1643.
∫ √
x2+1−√x2−1√
x4−1 .
Ïðåîáðàçóåì ðàäèêàë â çíàìåíàòåëå:
√
x4 − 1 =
√
(x2 + 1)(x2 − 1) =
√
x2 + 1
√
x2 − 1.
Ïîëó÷èì:∫ √
x2 + 1−√x2 − 1√
x4 − 1 =
∫ √
x2 + 1−√x2 − 1√
x2 + 1
√
x2 − 1 dx =
=
∫
dx√
x2 − 1 −
∫
dx√
x2 + 1
= ln |x+
√
x2 − 1| − ln |x+
√
x2 + 1|+
+C = ln
∣∣∣∣x+√x2 − 1x+√x2 + 1
∣∣∣∣+ C.
1644.
∫
(2x + 3x)2 dx.
Â ýòîé çàäà÷å èñïîëüçóåòñß òàáëè÷íûé èíòåãðàë VI:∫
(2x + 3x)2 dx =
∫
(4x + 2 · 6x + 9x)dx = 4
x
ln 4
+ 2
6x
ln 6
+
9x
ln 9
+C.
1650.
∫
tg2xdx.
Èñïîëüçóß òðèãîíîìåòðè÷åñêèå ñîîòíîøåíèß è òàáëè÷íûå èí-
òåãðàëû I è X, ïîëó÷èì:∫
tg2xdx =
∫
sin2x
cos2x
dx =
∫
1− cos2x
cos2x
dx =
∫
dx
cos2x
−
∫
dx =
= tgx− x+ C.
1653.
∫
cth2xdx.
Ïðè âû÷èñëåíèè ýòîãî èíòåãðàëà èñïîëüçóþòñß ñîîòíîøåíèß,
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ñâßçûâàþùèå ãèïåðáîëè÷åñêèå ôóíêöèè (ñì. Ïðèëîæåíèå), è
òàáëè÷íûå èíòåãðàëû I, XIII.∫
cth2xdx =
∫
ch2x
sh2x
dx =
∫
1 + sh2x
sh2x
dx =
∫
dx
sh2x
+
∫
dx =
= −cthx+ x+ C.
5.2. Èñïîëüçîâàíèå ìåòîäà ââåäåíèß íîâîãî àðãóìåíòà.
Â çàäà÷å ïîä íîìåðîì 1654 ïðåäëàãàåòñß äîêàçàòåëüñòâî ôîð-
ìóëû, î÷åíü ÷àñòî èñïîëüçóåìîé ïðè âû÷èñëåíèè èíòåãðàëîâ.
1654. Äîêàçàòü, ÷òî åñëè∫
f(x)dx = F (x) + C,
òî
∫
f(ax+ b)dx =
1
a
F (ax+ b) + C (a 6= 0).
Äëß äîêàçàòåëüñòâà èñïîëüçóåì ìåòîä ââåäåíèß íîâîãî àðãó-
ìåíòà. Ïîëîæèì ax+ b = u. Òîãäà x = u−b
a
, dx = du
a
. Ïîëó÷èì:∫
f(ax+ b)dx =
∫
f(u)
du
a
=
1
a
∫
f(u)du =
1
a
F (u) + C =
=
1
a
f(ax+ b) + C.
Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî ïðè çàìåíå àðãóìåíòà x ó
ïîäûíòåãðàëüíîé ôóíêöèè íà ëèíåéíîå âûðàæåíèå (ax+ b) èí-
òåãðàë ¾ðåàãèðóåò¿ ïîßâëåíèåì ìíîæèòåëß 1
a
.
1656.
∫
(2x− 3)10dx.
Ýòîò èíòåãðàë ìîæíî íàéòè è íå ïðîèçâîäß çàìåíû ïåðåìåííîé.
Äëß ýòîãî äîñòàòî÷íî ðàçëîæèòü âûðàæåíèå (2x− 3)10 ïî ôîð-
ìóëå áèíîìà Íüþòîíà è ïðèìåíèòü ìåòîä ðàçëîæåíèß. Îäíà-
êî òàêîå ðåøåíèå ñâßçàíî ñ áîëüøèì êîëè÷åñòâîì âû÷èñëåíèé.
Ïðè ïîìîùè çàìåíû ïåðåìåíîé ìîæíî ñðàçó ñâåñòè äàííûé èí-
òåãðàë ê òàáëè÷íîìó.
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Ïîëîæèì 2x− 3 = u, òîãäà x = u+3
2
; dx = du
2
. Ïîëó÷èì:∫
(2x− 3)10dx =
∫
u10
du
2
=
1
2
∫
u10du =
1
2
u11
11
+ C =
=
1
22
(2x− 3)11 + C.
Îòìåòèì, ÷òî åùå ïðîùå áûëî áû âîñïîëüçîâàòüñß ôîðìóëîé
çàäà÷è 1654: ∫
x10dx =
x11
11
+ C;∫
(2x− 3)10dx =
[
ax+ b = 2x− 3, a = 2
]
=
1
2
(2x− 3)11
11
+ C.
1659.
∫
dx
(5x−2) 52
.
Ïðè âû÷èñëåíèè ýòîãî èíòåãðàëà òàêæå óäîáíî èñïîëüçîâàòü
ìåòîä ââåäåíèß íîâîãî àðãóìåíòà, ïîëîæèâ 5x − 2 = u. Îäíà-
êî ìû íå áóäåì ââîäèòü u ßâíî, à èñïîëüçóåì ïðèåì çàíåñåíèß
íîâîãî àðãóìåíòà ïîä çíàê äèôôåðåíöèàëà. Èòàê:∫
dx
(5x− 2) 52 =
1
5
∫
5dx
(5x− 2) 52 =
1
5
∫
d(5x)
(5x− 2) 52 =
=
1
5
∫
d(5x− 2)
(5x− 2) 52 =
1
5
∫
(5x− 2)− 52d(5x− 2) =
(ïîëó÷èëè èíòåãðàë îò ñòåïåííîé ôóíêöèè, ïðè÷åì ïîäûíòå-
ãðàëüíîå âûðàæåíèå ïîëíîñòüþ âûðàæàåòñß ÷åðåç ðàçíîñòü
(5x− 2), èãðàþùóþ ðîëü íîâîãî àðãóìåíòà)
=
1
5
(
−2
3
)
(5x− 2)− 32 + C = − 2
15
1
(5x− 2) 32 + C.
1662.
∫
dx
2−3x2 .
Ïðåîáðàçóåì èíòåãðàë ê òàáëè÷íîìó:∫
dx
2− 3x2 =
1
2
∫
dx
1− 3
2
x2
=
1
2
∫
dx
1−
(√
3
2
x
)2 =
15
=
1
2
√
3
2
∫ d(√3
2
x
)
1−
(√
3
2
x
)2 = (èñïîëüçóåì òàáëè÷íûé èíòåãðàë XV)
=
1√
6
1
2
ln
∣∣∣∣∣∣
1 +
√
3
2
x
1−
√
3
2
x
∣∣∣∣∣∣+ C = 12√6 ln
∣∣∣∣∣
√
2 +
√
3x√
2−√3x
∣∣∣∣∣+ C.
Çàìå÷àíèå. Åñëè íà äàííîì ýòàïå çàíåñåíèå íîâîãî àðãóìåí-
òà ïîä çíàê äèôôåðåíöèàëà âûçûâàåò ó ÷èòàòåëß îïðåäåëåííûå
òðóäíîñòè, òî ñ èñïîëüçîâàíèåì ýòîãî ïðè¼ìà íå ñëåäóåò òîðî-
ïèòüñß. Ââîäèòå íîâûé àðãóìåíò u è ïîñëåäîâàòåëüíî îñóùåñòâ-
ëßéòå çàìåíó ïåðåìåííîãî ïîä çíàêîì èíòåãðàëà, îïèñûâàß âñå
øàãè ñ íóæíîé äëß Âàñ ñòåïåíüþ äåòàëèçàöèè. Ïîñëå ðåøåíèß
îïðåäåëåííîãî êîëè÷åñòâà çàäà÷ Âû ñàìè îùóòèòå ïîòðåáíîñòü
îòêàçàòüñß îò èçëèøíèõ ïîäðîáíîñòåé.
1669.
∫
dx
1−cosx .
Âîñïîëüçóåìñß ôîðìóëîé 1− cosx = 2 sin2 x
2
. Ïîëó÷èì:∫
dx
1− cos x =
∫
dx
2 sin2 x
2
=
∫
d(x
2
)
sin2 x
2
= −ctgx
2
+ C.
1670.
∫
dx
1+sinx
.
Âû÷èñëèì èíòåãðàë äâóìß ñïîñîáàìè.
Èñïîëüçóß ôîðìóëû ïðèâåäåíèß è äâîéíîãî óãëà, ïðåîáðàçóåì
çíàìåíàòåëü:
1 + sin x = 1 + cos
(
x− pi
2
)
= 2 cos2
x− pi
2
2
= 2 cos2
(x
2
− pi
4
)
.
Òîãäà ∫
dx
1 + sin x
=
∫
dx
2 cos2
(
x
2
− pi
4
) = ∫ d (x2 − pi4 )
cos2
(
x
2
− pi
4
) =
=
[
dx
2
= d
(x
2
)
= d
(x
2
− pi
4
)]
=
16
= (èñïîëüçóåì òàáëè÷íûé èíòåãðàë X) = tg
(x
2
− pi
4
)
+ C.
Òåïåðü ýòîò æå èíòåãðàë âû÷èñëèì, èñïîëüçóß äðóãèå òðèãîíî-
ìåòðè÷åñêèå ñîîòíîøåíèß  îñíîâíîå òðèãîíîìåòðè÷åñêîå òîæ-
äåñòâî è ôîðìóëó äëß ñèíóñà äâîéíîãî óãëà. Èòàê,
1 + sin x = sin2
x
2
+ cos2
x
2
+ 2 sin
x
2
cos
x
2
=
(
sin
x
2
+ cos
x
2
)2
.
Òîãäà∫
dx
1 + sin x
=
∫
dx(
sin x
2
+ cos x
2
)2 = ∫ dx
cos2 x
2
(
tg x
2
+ 1
)2 =
[
dx
cos2 x
2
= 2
d(x
2
)
cos2 x
2
= 2 d
(
tg
x
2
)
= 2 d
(
tg
x
2
+ 1
)]
= 2
∫
d
(
tg x
2
+ 1
)(
tg x
2
+ 1
)2 = − 2tg x
2
+ 1
+ C.
Ñðàâíèì îáà ïîëó÷åííûõ îòâåòà. Íà ïåðâûé âçãëßä, îíè ðàç-
ëè÷íû. Îäíàêî ýòî íå òàê. Íàïîìíèì, ÷òî íåîïðåäåëåííûé èí-
òåãðàë åñòü ìíîæåñòâî ïåðâîîáðàçíûõ ôóíêöèé, è ïîêàæåì, ÷òî
ìíîæåñòâà {
− 2
tg x
2
+ 1
+ C
}
è
{
tg
(x
2
− pi
4
)
+ C
}
ñîâïàäàþò. Äåéñòâèòåëüíî:
− 2
tg x
2
+ 1
+ 1 = − 2 cos
x
2
sin x
2
+ cos x
2
+ 1 =
sin x
2
− cos x
2
sin x
2
+ cos x
2
=
=
√
2
(
1√
2
sin x
2
− 1√
2
cos x
2
)
√
2
(
1√
2
sin x
2
+ 1√
2
cos x
2
) = sin x2 cos pi4 − cos x2 sin pi4
sin x
2
sin pi
4
+ cos x
2
cos pi
4
=
=
sin
(
x
2
− pi
4
)
cos
(
x
2
− pi
4
) = tg (x
2
− pi
4
)
.
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Ïðè ðåøåíèè äàííîé çàäà÷è ìû óáåäèëèñü â ñëåäóþùåì: èñ-
ïîëüçóß â ïðîöåññå èíòåãðèðîâàíèß ðàçëè÷íûå ñïîñîáû, ìîæ-
íî ïîëó÷èòü íå ñîâïàäàþùèå ïî ôîðìå îòâåòû (è êàæäûé èç
íèõ  ïðàâèëüíûé). Ïîýòîìó, åñëè Âû óâåðåíû â ïðàâèëüíîñòè
ñâîåãî ðåøåíèß, íî Âàø îòâåò íå ñîâïàäàåò ñ îòâåòîì, ïðèâå-
äåííîì â çàäà÷íèêå,  íå îò÷àèâàéòåñü. Ñïðàâåäëèâîñòü ñâîåãî
ðåçóëüòàòà ìîæíî ëåãêî ïðîâåðèòü. Äëß ýòîãî äîñòàòî÷íî ïðî-
äèôôåðåíöèðîâàòü ïîëó÷åííóþ Âàìè ñîâîêóïíîñòü ôóíêöèé.
Åñëè ïðîèçâîäíàß ñîâïàäàåò ñ ïîäûíòåãðàëüíîé ôóíêöèåé, çíà-
÷èò Âàø îòâåò ßâëßåòñß âåðíûì.
Çàäà÷è 1674  1720 ðåøàþòñß ñ ïîìîùüþ ìåòîäà ââåäåíèß
íîâîãî àðãóìåíòà (â áîëüøèíñòâå èç íèõ èñïîëüçóåòñß ïðèåì
çàíåñåíèß íîâîãî àðãóìåíòà ïîä çíàê äèôôåðåíöèàëà).
1674.
∫
xdx√
1−x2 .
Çàíåñåì íîâûé àðãóìåíò 1− x2 ïîä çíàê äèôôåðåíöèàëà:∫
xdx√
1− x2 =
1
2
∫
d(x2)√
1− x2 = −
1
2
∫
(1− x2)− 12d(1− x2) =
= −1
2
(1− x2) 12
1
2
+ C = −
√
1− x2 + C.
1679.
∫
x3dx
x8−2 .
Î÷åâèäíî, ÷òî ðîëü íîâîãî àðãóìåíòà èãðàåò x4. Èìååì:∫
x3dx
x8 − 2 =
1
4
∫
d(x4)
(x4)2 − 2 =
[
x4 = u
]
=
1
4
∫
du
u2 − 2 =
(èñïîëüçóåì òàáëè÷íûé èíòåãðàë XV)
=
1
8
√
2
ln
∣∣∣∣∣u−
√
2
u+
√
2
∣∣∣∣∣+ C = 18√2 ln
∣∣∣∣∣x4 −
√
2
x4 +
√
2
∣∣∣∣∣+ C.
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1683.
∫
dx
x
√
x2−1 .
Âûíåñåì x èç-ïîä çíàêà êîðíß:
√
x2 − 1 =
√
x2
(
1− 1
x2
)
=
√
x2
√
1− 1
x2
= |x|
√
1− 1
x2
.
Ââåäåì â ðàññìîòðåíèå ôóíêöèþ
sgnx =

1 ïðè x > 0;
0 ïðè x = 0;
−1 ïðè x < 0.
Òîãäà
|x| = x sgnx; dx
x|x| =
1
sgnx
· dx
x2
= − 1
sgnx
d
(
1
x
)
= −d
(
1
|x|
)
.
Êðîìå òîãî, √
1− 1
x2
=
√
1− 1|x|2 .
Òàêèì îáðàçîì, ïîëó÷èì:∫
dx
x
√
x2 − 1 =
∫
dx
x|x|
√
1− 1
x2
= −
∫ d( 1|x|)√
1− 1|x|2
=
= − arcsin
(
1
|x|
)
+ C.
Îäíàêî, ìîæíî ïîñòóïèòü è ïî-äðóãîìó. Ñäåëàåì çàìåíó ïå-
ðåìåííîé:√
x2 − 1 = u; x2 − 1 = u2; x2 = u2 + 1; xdx = udu.
Èìååì: ∫
dx
x
√
x2 − 1 =
∫
xdx
x2
√
x2 − 1 =
∫
udu
(u2 + 1)u
=
=
∫
du
u2 + 1
= arctg u+ C = arctg
√
x2 − 1 + C.
19
Çàìå÷àíèå äëß ñîìíåâàþùèõñß â ñïðàâåäëèâîñòè îáîèõ ïîëó-
÷åííûõ ðåçóëüòàòîâ: èñïîëüçóß ñîîòíîøåíèß ìåæäó îáðàòíûìè
òðèãîíîìåòðè÷åñêèìè ôóíêöèßìè, ìîæíî ñâåñòè ïåðâûé îòâåò
êî âòîðîìó. Îäíàêî åù¼ ðàç ïîä÷åðêíåì, ÷òî ïðîâåðêó ïðàâèëü-
íîñòè ñâîåãî îòâåòà íåîáõîäèìî äåëàòü ñ ïîìîùüþ äèôôåðåí-
öèðîâàíèß.
1688.
∫
dx√
x(1−x) .
Îáëàñòü îïðåäåëåíèß ïîäûíòåãðàëüíîé ôóíêöèè çàäàåòñß íåðà-
âåíñòâîì x(1− x) > 0, ò.å. 0 < x < 1. Ñëåäîâàòåëüíî,√
x(1− x) = √x√1− x.
Èñïîëüçóß òî, ÷òî dx√
x
= 2 d(
√
x), à x = (√x)2, ïîëó÷èì:∫
dx√
x(1− x) =
∫
dx√
x
√
1− x = 2
∫
d(
√
x)√
1− x =
= 2
∫
d(
√
x)√
1− (√x)2 = 2arcsin
√
x+ C.
1700(à).
∫
sinx cosx√
a2 sin2 x+b2 cos2 x
dx.
Çàìåòèì, ÷òî
d(a2 sin2 x+ b2 cos2 x) = (2a2 sinx cos x− 2b2 cosx sinx)dx =
= 2(a2 − b2) sin x cosxdx
è, òàêèì îáðàçîì,
sinx cosx dx =
d(a2 sin2 x+ b2 cos2 x)
2(a2 − b2) .
Èìååì:∫
sinx cosx√
a2 sin2 x+ b2 cos2 x
dx =
1
2(a2 − b2)
∫
d(a2 sin2 x+ b2 cos2 x)√
a2 sin2 x+ b2 cos2 x
=
=
[
a2 sin2 x+b2 cos2 x = u
]
=
1
2(a2 − b2)
∫
du√
u
=
1
a2 − b2
∫
du
2
√
u
=
20
=
1
a2 − b2
∫
d(
√
u) =
√
u
a2 − b2 + C =
√
a2 sin2 x+ b2 cos2 x
a2 − b2 + C,
åñëè a2 6= b2.
Çàìå÷àíèå. Ïðè a2 = b2 çíàìåíàòåëü â ïîäûíòåãðàëüíîì âûðà-
æåíèè îáðàùàåòñß â êîíñòàíòó:√
a2 sin2 x+ a2 cos2 x =
√
a2(sin2 x+ cos2 x) =
√
a2 = |a|.
Òàêèì îáðàçîì, ïðè a2 = b2 èìååì:∫
sinx cosx√
a2 sin2 x+ a2 cos2 x
dx =
1
|a|
∫
sinx cosxdx =
=
1
|a|
∫
sinxd(sinx) =
1
2|a| sin
2 x+ C.
Èñõîäíûé èíòåãðàë ìîæíî áûëî áû âû÷èñëèòü, âûáðàâ â êà÷å-
ñòâå íîâîãî àðãóìåíòà ñèíóñ äâîéíîãî óãëà:
sinx cosxdx =
1
2
sin 2xdx = −1
4
d(cos 2x).
Ó÷èòûâàß, ÷òî sin2 x = 1
2
(1 − cos 2x), à cos2 x = 1
2
(1 + cos 2x),
ïîëó÷èì:∫
sinx cosx√
a2 sin2 x+ b2 cos2 x
dx = −1
4
∫
d(cos 2x)√
a2
2
(1− cos 2x) + b2
2
(1 + cos 2x)
= −
√
2
4
∫
d(cos 2x)√
(a2 + b2) + (b2 − a2) cos 2x =
(ïîëüçóåìñß ðåçóëüòàòîì çàäà÷è 1654)
= −
√
2
2
1
b2 − a2
√
(a2 + b2) + (b2 − a2) cos 2x+ C =
=
√
a2 sin2 x+ b2 cos2 x
a2 − b2 + C.
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1700(á).
∫
sinx√
cos 2x
dx.
Íà ðîëü íîâîãî àðãóìåíòà ¾ïðåòåíäóåò¿
√
2 cos x. Äåéñòâèòåëü-
íî:
cos 2x = 2 cos2 x− 1 = (
√
2 cos x)2 − 1,
sinxdx = −d(cosx) = − 1√
2
d(
√
2 cos x).
Èìååì: ∫
sinx√
cos 2x
dx = − 1√
2
∫
d(
√
2 cos x)√
(
√
2 cos x)2 − 1
=
(èñïîëüçóåì òàáëè÷íûé èíòåãðàë XVIII)
= − 1√
2
ln
∣∣∣√2 cos x+√2 cos2 x− 1∣∣∣+ C =
= − 1√
2
ln
∣∣∣√2 cos x+√cos 2x∣∣∣+ C.
1703.
∫
dx
sinx
.
È âíîâü ïðåäëàãàåì Âàì äâà ñïîñîáà âû÷èñëåíèß èíòåãðàëà.
Ïåðåéäß â çíàìåíàòåëå ê ïîëîâèííîìó óãëó, ïîëó÷èì:∫
dx
sinx
=
∫
dx
2 sin x
2
cos x
2
=
∫
dx
2 cos2 x
2
tg x
2
=
=
∫
d(tg x
2
)
tg x
2
= ln
∣∣∣tg x
2
∣∣∣+ C.
Âû÷èñëßß èíòåãðàë âòîðûì ñïîñîáîì, óìíîæèì ÷èñëèòåëü è
çíàìåíàòåëü ïîäûíòåãðàëüíîé ôóíêöèè íà sinx:∫
dx
sinx
=
∫
sinxdx
sin2 x
= −
∫
d(cosx)
1− cos2 x = −
1
2
ln
∣∣∣∣1 + cos x1− cosx
∣∣∣∣+ C.
Èñïîëüçóß òðèãîíîìåòðè÷åñêèå ñîîòíîøåíèß è ñâîéñòâà ëîãà-
ðèôìà, ïîêàæåì, ÷òî âòîðîé îòâåò ïðåîáðàçóåòñß â ïåðâûé:
−1
2
ln
∣∣∣∣1 + cos x1− cosx
∣∣∣∣ = 12 ln
∣∣∣∣1− cosx1 + cos x
∣∣∣∣ = 12 ln
∣∣∣∣ 2 sin2 x22 cos2 x
2
∣∣∣∣ =
22
=
1
2
ln
∣∣∣tg2 x
2
∣∣∣ = ln√∣∣∣tg x
2
∣∣∣2 = ln ∣∣∣tg x
2
∣∣∣ .
1711.
∫ √ ln(x+√1+x2)
1+x2
dx.
Ïîñëå íåêîòîðîãî ðàçäóìüß è, âîçìîæíî, íåñêîëüêèõ íåóäà÷íûõ
ïîïûòîê èíòåãðèðîâàíèß, ¾ðèñêíåì¿ âû÷èñëèòü
d
(
ln(x+
√
1 + x2)
)
=
(
ln(x+
√
1 + x2)
)′
dx =
=
1
x+
√
1 + x2
(
1 +
2x
2
√
1 + x2
)
dx =
dx√
1 + x2
.
Òàêèì îáðàçîì,∫ √
ln(x+
√
1 + x2)
1 + x2
dx =
∫
ln
1
2 (x+
√
1 + x2)
dx√
1 + x2
=
=
∫
ln
1
2 (x+
√
1 + x2) d
(
ln(x+
√
1 + x2)
)
=
2
3
ln
3
2 (x+
√
1 + x2)+C.
1713.
∫
x2−1
x4+1
dx.
Âûíåñåì x2 â ÷èñëèòåëå è çíàìåíàòåëå ïîäûíòåãðàëüíîé ôóíê-
öèè: ∫
x2 − 1
x4 + 1
dx =
∫
x2
(
1− 1
x2
)
x2
(
x2 + 1
x2
)dx.
Çàìåòèâ, ÷òî (
1− 1
x2
)
dx = d
(
x+
1
x
)
,
x2 +
1
x2
= x2 +
1
x2
+2− 2︸ ︷︷ ︸
0
=
(
x+
1
x
)2
− 2,
ïîëó÷èì:∫ (
1− 1
x2
)
dx(
x2 + 1
x2
) = ∫ d (x+ 1x)(
x+ 1
x
)2 − 2 =
[(
x+
1
x
)
= u
]
=
∫
du
u2 − 2 =
23
=
1
2
√
2
ln
∣∣∣∣∣u−
√
2
u+
√
2
∣∣∣∣∣+ C = 12√2 ln
∣∣∣∣∣x+ 1x −
√
2
x+ 1
x
+
√
2
∣∣∣∣∣+ C =
=
1
2
√
2
ln
∣∣∣∣∣x2 −
√
2x+ 1
x2 +
√
2x+ 1
∣∣∣∣∣+ C.
1718.
∫
sinx cosxdx
sin4 x+cos4 x
.
Äàííûé èíòåãðàë ìîæíî âû÷èñëèòü, âûáðàâ â êà÷åñòâå íîâîãî
àðãóìåíòà sin2 x; cos2 x; cos 2x; tg2x; ctg2x. Ðàññìîòðèì ëèøü
äâà ñïîñîáà âû÷èñëåíèß .
Ïðîùå âñåãî, íà íàø âçãëßä, âûðàçèòü ïîäûíòåãðàëüíîå âûðà-
æåíèå ÷åðåç tg2x (èëè ctg2x) è èñïîëüçîâàòü òàáëè÷íûé èíòå-
ãðàë IV. Äåéñòâèòåëüíî:∫
sin x cosxdx
sin4 x+ cos4 x
=
∫
sinx cosxdx
cos4 x(1 + tg4x)
=
∫
tg x
(1 + tg4x)
· dx
cos2 x
=
=
∫
tg x d(tg x)
1 + tg4x
=
1
2
∫
d(tg2x)
1 + (tg2x)2
=
1
2
arctg(tg2x) + C.
Âû÷èñëßß èíòåãðàë âòîðûì ñïîñîáîì, âûáåðåì â êà÷åñòâå íî-
âîãî àðãóìåíòà cos 2x. Â ÷èñëèòåëå ïîëó÷èì:
sinx cosxdx =
1
2
sin 2xdx = −1
4
d(cos 2x).
Â çíàìåíàòåëå èñïîëüçóåì ôîðìóëû ïîíèæåíèß ñòåïåíè äëß
òðèãîíîìåòðè÷åñêèõ ôóíêöèé:
sin2 x =
1− cos 2x
2
, cos2 x =
1 + cos 2x
2
.
Òîãäà sin4 x =
(
1− cos 2x
2
)2
, cos4 x =
(
1 + cos 2x
2
)2
,
è sin4 x+ cos4 x = 1 + cos
2 2x
2
.
Ìîæíî ïîëó÷èòü ýòîò ðåçóëüòàò è ïî-äðóãîìó:
sin4 x+ cos4 x = (sin2 x+ cos2 x)2 − 2 sin2 x cos2 x =
24
= 1− 1
2
sin2 2x =
1
2
+
1
2
cos2 2x =
1 + cos2 2x
2
.
Òàêèì îáðàçîì:∫
sinx cosxdx
sin4 x+ cos4 x
= −1
4
∫
d(cos 2x)
1
2
(1 + cos2 2x)
=
= −1
2
∫
d(cos 2x)
1 + (cos 2x)2
= −1
2
arctg(cos 2x) + C.
1720.
∫
xdx√
1+x2+
√
(1+x2)3
.
Çàíåñåì (x2 + 1) ïîä çíàê äèôôåðåíöèàëà:∫
xdx√
1 + x2 +
√
(1 + x2)3
=
1
2
∫
d(x2 + 1)√
1 + x2 + (1 + x2)
3
2
=
[
x2 + 1 = u, ïðè÷åì u > 0
]
=
1
2
∫
du√
u+ u
3
2
=
=
1
2
∫
du√
u
√
1 +
√
u
=
∫
d(
√
u)√
1 +
√
u
=
[√
u = z
]
=
= 2
√
1 + z + C = 2
√
1 +
√
u+ C = 2
√
1 +
√
1 + x2 + C.
5.3. Ñîâìåñòíîå èñïîëüçîâàíèå ìåòîäîâ ââåäåíèß íîâîãî
àðãóìåíòà è ðàçëîæåíèß.
Ïðè ðåøåíèè çàäà÷ 17211765 ïðåäïîëàãàåòñß èñïîëüçîâàíèå
ìåòîäîâ ââåäåíèß íîâîãî àðãóìåíòà è ðàçëîæåíèß.
1722.
∫
1+x
1−xdx.
Äëß èñïîëüçîâàíèß ìåòîäà ðàçëîæåíèß âûäåëèì öåëóþ ÷àñòü
äðîáè, ñòîßùåé â ïîäûíòåãðàëüíîì âûðàæåíèè. Ïðåîáðàçóåì
÷èñëèòåëü: 1 + x = 2 + x − 1 = 2 − (1 − x). Òàêèì îáðàçîì,
ïîëó÷èì:∫
1 + x
1− xdx =
∫
2− (1− x)
1− x dx =
∫
2
1− xdx−
∫
dx =
= −2 ln |1− x| − x+ C.
25
1724.
∫
x3
3+x
dx.
Âûäåëèì öåëóþ ÷àñòü äðîáè:∫
x3
3 + x
dx =
∫
(x3 + 27)− 27
x+ 3
dx =
∫
(x+ 3)(x2 − 3x+ 9)
x+ 3
dx−
−27
∫
dx
x+ 3
=
∫
x2dx− 3
∫
xdx+ 9
∫
dx− 27
∫
d(x+ 3)
x+ 3
=
=
x3
3
− 3
2
x2 + 9x− 27 ln |x+ 3|+ C.
1727.
∫
x2
(1−x)100dx.∫
x2
(1− x)100dx =
∫
x2
(x− 1)100dx =
∫
((x− 1) + 1)2
(x− 1)100 dx =
=
∫
(x− 1)2 + 2(x− 1) + 1
(x− 1)100 dx =
∫
(x− 1)−98dx+
+2
∫
(x− 1)−99dx+
∫
(x− 1)−100dx =
= − 1
97(x− 1)97 −
1
49(x− 1)98 −
1
99(x− 1)99 + C.
1729.
∫
dx√
x+1+
√
x−1 .
Óìíîæèâ ÷èñëèòåëü è çíàìåíàòåëü ïîäûíòåãðàëüíîé ôóíêöèè
íà
√
x+ 1−√x− 1 (ñîïðßæåííîå çíàìåíàòåëþ), ïîëó÷èì:∫
dx√
x+ 1 +
√
x− 1 =
∫ √
x+ 1−√x− 1
(x+ 1)− (x− 1) dx =
1
2
∫ √
x+ 1 dx−
−1
2
∫ √
x− 1 dx = 1
3
(x+ 1)
3
2 − 1
3
(x− 1) 32 + C.
1732.
∫
x3 3
√
1 + x2dx.
Ââåäåì íîâûé àðãóìåíò u = x2 + 1. Ïðè ýòîì
x3dx =
1
2
x2d(x2) =
1
2
((x2 + 1)− 1) d(x2 + 1) = 1
2
(u− 1)du.
26
Ïîëó÷èì:∫
x3
3
√
1 + x2dx =
1
2
∫
(u− 1)u 13du = 1
2
∫
u
4
3du− 1
2
∫
u
1
3du =
=
3
14
u
7
3 − 3
8
u
4
3 + C =
3
14
(x2 + 1)
7
3 − 3
8
(x2 + 1)
4
3 + C.
1736.
∫
dx
(x2−2)(x2+3) .
Ðàñïèøåì åäèíèöó â ÷èñëèòåëå: 1 = 1
5
((x2 + 3) − (x2 − 2)). Ïî-
ëó÷èì: ∫
dx
(x2 − 2)(x2 + 3) =
1
5
∫
(x2 + 3)− (x2 − 2)
(x2 − 2)(x2 + 3) dx =
=
1
5
(∫
dx
x2 − 2 −
∫
dx
x2 + 3
)
=
1
10
√
2
ln
∣∣∣∣∣x−
√
2
x+
√
2
∣∣∣∣∣−
− 1
5
√
3
arctg
x√
3
+ C.
1738.
∫
x dx
x4+3x2+2
.
Ïåðåéäåì ê íîâîìó àðãóìåíòó u = x2:∫
x dx
x4 + 3x2 + 2
=
1
2
∫
d(x2)
(x2)2 + 3x2 + 2
=
1
2
∫
du
u2 + 3u+ 2
=
=
1
2
∫
du
(u+ 1)(u+ 2)
=
1
2
∫
(u+ 2)− (u+ 1)
(u+ 1)(u+ 2)
du =
1
2
∫
du
u+ 1
−
−1
2
∫
du
u+ 2
=
1
2
(ln |u+ 1| − ln |u+ 2|) + C = 1
2
ln
∣∣∣∣u− 1u+ 2
∣∣∣∣+ C =
=
1
2
ln
x2 + 1
x2 + 2
+ C.
1742.
∫
cos2 x dx.
Èñïîëüçóß ôîðìóëó ïîíèæåíèß ñòåïåíè äëß êîñèíóñà, ïîëó÷èì:∫
cos2 x dx =
1
2
∫
(1 + cos 2x) dx =
1
2
∫
dx+
1
2
∫
cos 2x dx =
=
x
2
+
sin 2x
4
+ C.
27
1746.
∫
sin(2x− pi
6
) cos(3x+ pi
4
)dx.
Èñïîëüçóß òðèãîíîìåòðè÷åñêèå ñîîòíîøåíèß, ïîëó÷èì:∫
sin(2x− pi
6
) cos(3x+
pi
4
)dx =
1
2
∫ (
sin
(
5x+
pi
12
)
+ sin
(
−x− 5pi
12
))
dx =
=
1
2
∫
sin
(
5x+
pi
12
)
dx− 1
2
∫
sin
(
x+
5pi
12
)
dx =
= − 1
10
cos
(
5x+
pi
12
)
+
1
2
cos
(
x+
5pi
12
)
+ C.
1749.
∫
sin4 x dx.
Èñïîëüçóåì ôîðìóëû ïîíèæåíèß ñòåïåíè äëß ñèíóñà è êîñèíó-
ñà: ∫
sin4 x dx =
∫
(sin2 x)2dx =
∫ (
1− cos 2x
2
)2
dx =
=
1
4
∫ (
1− 2 cos 2x+ cos2 2x) dx = 1
4
∫
dx− 1
2
∫
cos 2xdx+
+
1
4
∫
1 + cos 4x
2
dx =
x
4
− sin 2x
4
+
1
8
(
x+
sin 4x
4
)
+ C =
=
3
8
x− 1
4
sin 2x+
1
32
sin 4x+ C.
1752.
∫
tg3x dx.
Çàìåíèì òàíãåíñ íà îòíîøåíèå ñèíóñà è êîñèíóñà:∫
tg3x dx =
∫
sin3 x
cos3 x
dx =
∫
sin2 x(sinxdx)
cos3 x
=
= −
∫
1− cos2 x
cos3 x
d(cos x) = −
∫
d(cosx)
cos3 x
+
∫
d(cosx)
cosx
=
=
1
2 cos2 x
+ ln | cos x|+ C.
28
Ìîæíî ïîñòóïèòü èíà÷å:∫
tg3x dx =
∫
tg x
sin2 x
cos2 x
dx =
∫
tg x
1− cos2 x
cos2 x
dx =
=
∫
tg x
dx
cos2 x
−
∫
tg x dx =
∫
tg x d(tg x) +
∫
d(cosx)
cosx
=
=
1
2
tg2x+ ln | cosx|+ C.
È åùå ðàç óáåæäàåìñß â òîì, ÷òî ïðè èñïîëüçîâàíèè ðàçíûõ
ñïîñîáîâ èíòåãðèðîâàíèß ìîæíî ïîëó÷èòü ðàçëè÷íûå ïî ôîðìå
ðåçóëüòàòû. Â äàííîì ñëó÷àå â ñîâïàäåíèè ïåðâîãî è âòîðîãî
îòâåòîâ ìîæíî óáåäèòüñß, èñïîëüçóß ôîðìóëó 1
cos2 x
= 1 + tg2x.
Äåéñòâèòåëüíî:
1
2 cos2 x
+ ln | cosx|+ C = 1
2
(1 + tg2x) + ln | cos x|+ C =
=
1
2
tg2x+ ln | cosx|+
(
1
2
+ C
)
=
1
2
tg2x+ ln | cosx|+ C˜.
1753.
∫
sin2 3x sin3 2x dx.
Èñïîëüçóß òðèãîíîìåòðè÷åñêèå ñîîòíîøåíèß, ïîëó÷èì:∫
sin2 3x sin3 2x dx =
∫
1− cos 6x
2
· 1− cos 4x
2
sin 2x dx =
=
1
4
∫
(sin 2x−sin 2x cos 6x−sin 2x cos 4x+sin 2x cos 4x cos 6x)dx =
=
1
4
{∫
sin 2xdx− 1
2
(∫
sin 8xdx+
∫
sin(−4x)dx
)
−
− 1
2
(∫
sin 6xdx+
∫
sin(−2x)dx
)
+
1
2
∫
(cos 10x+ cos 2x) sin 2xdx
}
=
1
4
{
−1
2
cos 2x+
1
16
cos 8x− 1
8
cos 4x+
1
12
cos 6x− 1
4
cos 2x+
+
1
4
∫ (
sin 12x+ sin(−8x)
)
dx+
1
4
∫
sin 4xdx
}
=
29
=
1
4
{
−3
4
cos 2x+
(
−1
8
− 1
16
)
cos 4x+
1
12
cos 6x+
+
(
1
16
+
1
32
)
cos 8x− 1
48
cos 12x
}
+C = − 3
16
cos 2x− 3
64
cos 4x+
+
1
48
cos 6x+
3
128
cos 8x− 1
192
cos 12x+ C.
1756.
∫
dx
sinx cos3 x
.
Èñïîëüçóß îñíîâíîå òðèãîíîìåòðè÷åñêîå òîæäåñòâî, ðàñïèøåì
åäèíèöó â ÷èñëèòåëå: 1 = sin2 x+ cos2 x. Ïîëó÷èì:∫
dx
sinx cos3 x
=
∫
1
sinx cos3 x
dx =
∫
sin2 x+ cos2 x
sinx cos3 x
dx =
=
∫
sinxdx
cos3 x
+
∫
cosx
sinx
· dx
cos2 x
= −
∫
d(cosx)
cos3 x
+
+
∫
d(tg x)
tg x
=
1
2 cos2 x
+ ln |tg x|+ C.
1760.
∫ (1+ex)2
1+e2x
dx.
Âîçâåäåì â êâàäðàò ñóììó â ÷èñëèòåëå äðîáè:∫
(1 + ex)2
1 + e2x
dx =
∫
1 + 2ex + e2x
1 + e2x
dx =
∫
1 + e2x
1 + e2x
dx+
+2
∫
ex
1 + e2x
dx =
∫
dx+ 2
∫
d(ex)
1 + (ex)2
dx = x+ 2arctg ex + C.
1764.
∫
chx ch 3x dx.
Èñïîëüçóß ôîðìóëó äëß ïðîèçâåäåíèß ãèïåðáîëè÷åñêèõ êîñè-
íóñîâ (ñì. Ïðèëîæåíèå), ïîëó÷èì:∫
chx ch 3x dx =
1
2
∫
(ch 4x+ ch 2x)dx =
1
2
∫
ch 4x dx+
+
1
2
∫
ch 2x dx =
1
8
sh 4x+
1
4
sh 2x+ C.
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1770.
∫
x5(2− 5x3) 23dx.
Ïðåîáðàçóß ïîäûíòåãðàëüíîå âûðàæåíèå, ââåäåì íîâûé àðãó-
ìåíò:∫
x5(2−5x3) 23dx =
∫
x3(2−5x3) 23x2dx = 1
3
∫
x3(2−5x3) 23d(x3) =
= − 1
15
∫
x3(2− 5x3) 23d(2− 5x3) =
[
2− 5x3 = u, x3 = 2− u
5
]
=
= − 1
15
∫
2− u
5
u
2
3du = − 1
75
∫
(2− u)u 23du = − 2
75
∫
u
2
3du+
+
1
75
∫
u
5
3du = − 2
75
· 3
5
u
5
3 +
1
75
· 3
8
u
8
3 + C = − 2
125
(2− 5x3) 53+
+
1
200
(2− 5x3) 83 + C = −(2− 5x
3)
5
3
1000
(
16− 5(2− 5x3))+ C =
= −6 + 25x
3
1000
(2− 5x3) 53 + C.
1773.
∫
sin2 x
cos6 x
dx.
Âûðàçèì ïîäûíòåãðàëüíîå âûðàæåíèå ÷åðåç tg x:∫
sin2 x
cos6 x
dx =
∫
sin2 x
cos2 x
· 1
cos2 x
· dx
cos2 x
=
=
∫
tg2x
(
1 + tg2x
)
d(tg x) =
∫
tg2x d(tg x) +
∫
tg4x d(tg x) =
=
tg3x
3
+
tg5x
5
+ C.
1777.
∫
arctg
√
x√
x
dx
1+x
.
Âñïîìíèâ, ÷òî dx√
x
= 2 d(
√
x), ââåäåì íîâûé àðãóìåíò u = √x:∫
arctg
√
x√
x
dx
1 + x
= 2
∫
arctg
√
x
1 + x
d(
√
x) = 2
∫
arctg u
1 + u2
du =
= 2
∫
arctg u d(arctg u) = arctg2u+ C = arctg2
√
x+ C.
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5.4. Èñïîëüçîâàíèå òðèãîíîìåòðè÷åñêèõ ïîäñòàíîâîê ïðè
èíòåãðèðîâàíèè.
Çàäà÷è 17781785 ðåøàþòñß ñ ïîìîùüþ èñïîëüçîâàíèß òðè-
ãîíîìåòðè÷åñêèõ ïîäñòàíîâîê x = a sin t, x = a cos t, x = a tg t,
x = a sin2 t (ïàðàìåòðû ïîëîæèòåëüíû) è ò.ï.
Óêàçàííûå ïîäñòàíîâêè óäîáíû ïðè âû÷èñëåíèè íåêîòîðûõ
òèïîâ èíòåãðàëîâ, ñîäåðæàùèõ ðàäèêàëû (ïîäðîáíåå ñì. ï. 5.6).
Âûáèðàòü êîíêðåòíóþ ïîäñòàíîâêó x = ϕ(t) íåîáõîäèìî òàê,
÷òîáû
• ïîñëå çàìåíû ïåðåìåííîé â ïîäûíòåãðàëüíîì âûðàæå-
íèè ¾èñ÷åç¿ ðàäèêàë;
• ðàâåíñòâî x = ϕ(t) ïîçâîëèëî ¾çàïîëíèòü¿ îáëàñòü îïðå-
äåëåíèß ïîäûíòåãðàëüíîé ôóíêöèè;
• ñîîòâåòñòâèå ìåæäó x è t áûëî âçàèìíî-îäíîçíà÷íûì.
1778.
∫
dx
(1−x2) 32
.
Îáëàñòü îïðåäåëåíèß ïîäûíòåãðàëüíîé ôóíêöèè: |x| < 1. Ïî-
ëîæèì x = sin t è ðàññìîòðèì òîëüêî t ∈ (−pi
2
; pi
2
). Â ýòîì ñëó÷àå
x ¾ïðîáåæèò¿ ïî âñåé óêàçàííîé îáëàñòè îïðåäåëåíèß, ïðè÷åì
ñîîòâåòñòâèå ìåæäó x è t áóäåò âçàèìíî-îäíîçíà÷íûì. Èìååì:
x = sin t; dx = cos tdt; 1−x2 = 1−sin2 t = cos2 t; (1−x2) 32 = | cos t|3.
Â ðàññìàòðèâàåìîé îáëàñòè èçìåíåíèß t: cos t > 0, | cos t| = cos t.
Èòàê:∫
dx
(1− x2) 32 =
∫
cos tdt
cos3 t
=
∫
dt
cos2 t
= tg t+ C =
sin t
cos t
+ C =
=
sin t√
1− sin2 t
+ C =
x√
1− x2 + C.
1779.
∫
x2dx√
x2−2 .
Çàáåãàß âïåðåä, çàìåòèì, ÷òî ïðîùå âñåãî âû÷èñëèòü äàííûé
èíòåãðàë, èñïîëüçóß ãèïåðáîëè÷åñêèå ïîäñòàíîâêè. Ìû ïðîäå-
ìîíñòðèðóåì ýòî â ï. 5.5, íî çäåñü, â ñîîòâåòñòâèè ñ çàäàíèåì,
áóäåì èñïîëüçîâàòü òðèãîíîìåòðè÷åñêèå ïîäñòàíîâêè.
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Îáëàñòü îïðåäåëåíèß ïîäûíòåãðàëüíîé ôóíêöèè çàäàåòñß íåðà-
âåíñòâîì x2 − 2 > 0⇔ |x| > √2.
Åñëè ïîëîæèòü x =
√
2
sin t
, t 6= pin, n ∈ N, òî, ïîñêîëüêó | sin t| < 1,
x àâòîìàòè÷åñêè áóäåò óäîâëåòâîðßòü óêàçàííîé îáëàñòè îïðå-
äåëåíèß. Äåéñòâèòåëüíî:{
|x| =
√
2
| sin t| , | sin t| < 1
}
⇒ |x| >
√
2.
Ïðè÷åì, äëß òîãî ÷òîáû ñîîòâåòñòâèå ìåæäó x è t áûëî âçàèìíî-
îäíîçíà÷íûì, äîñòàòî÷íî ðàññìàòðèâàòü t ∈ (−pi
2
; 0) ∪ (0; pi
2
).
Èòàê:
x =
√
2
sin t
, dx = −
√
2 cos t
sin2 t
dt; x2 − 2 = 2
sin2 t
− 2 =
=
2(1− sin2 t)
sin2 t
=
2 cos2 t
sin2 t
;
√
x2 − 2 =
√
2
∣∣∣∣cos tsin t
∣∣∣∣ = √2 cos t| sin t| ,
ò.ê. â óêàçàííîé îáëàñòè èçìåíåíèß ïåðåìåííîé t êîñèíóñ t ïî-
ëîæèòåëåí.
Îòìåòèì òàêæå, ÷òî çíàêè sin t, t è x ñîâïàäàþò, ò.å. sgn(sin t) =
sgn t = sgn x. Ýòî ìû áóäåì èñïîëüçîâàòü íèæå. Èìååì:∫
x2dx√
x2 − 2 =
∫ 2
sin2 t
(
−
√
2 cos t
sin2 t
dt
)
√
2 cos t
| sin t|
= −2
∫ | sin t|
sin4 t
dt =
= −2 sgn(sin t)
∫
dt
sin3 t
= −2 sgn t
∫ (
sin2 t
2
+ cos2 t
2
)2
8 sin3 t
2
cos3 t
2
dt =
= −1
4
sgn t
(∫
tg
t
2
· dt
cos2 t
2
+ 2
∫
dt
sin t
2
cos t
2
+
∫
ctg
t
2
· dt
sin2 t
2
)
=
= −1
2
sgn t
(∫
tg
t
2
d
(
tg
t
2
)
+
∫
dt
tg t
2
cos2 t
2
−
∫
ctg
t
2
d
(
ctg
t
2
))
=
= −1
2
sgn t
(
1
2
tg2
t
2
+ 2 ln
∣∣∣tg t
2
∣∣∣− 1
2
ctg2
t
2
)
+ C =
33
= sgn t
(
1
4
(
ctg2
t
2
− tg2 t
2
)
− ln
∣∣∣tg t
2
∣∣∣)+ C =
= sgn t

(
cos2 t
2
)2
−
(
sin2 t
2
)2
4 sin2 t
2
cos2 t
2
− ln
∣∣∣ sin t2
cos t
2
∣∣∣
+ C =
= sgn t

(
cos2 t
2
− sin2 t
2
)(
cos2 t
2
+ sin2 t
2
)
sin2 t
− ln
∣∣∣∣sin t2 cos t2cos2 t
2
∣∣∣∣
+C
= sgn t
(
cos t
sin2 t
+ ln
∣∣∣∣1 + cos tsin t
∣∣∣∣)+ C = I.
Âåðíåìñß ê x:
sgn t = sgn x; sin t =
√
2
x
; cos t =
√
1− sin2 t =
√
1− 2
x2
=
=
√
x2 − 2
|x| ;
cos t
sin2 t
=
√
x2 − 2
2 |x| · x
2 =
√
x2 − 2
2
|x|.
Ïðåîáðàçóåì àðãóìåíò ëîãàðèôìà:
1 + cos t = 1 +
√
x2 − 2
|x| =
|x|+√x2 − 2
|x| ;
1 + cos t
sin t
=
|x|+√x2 − 2
|x| ·
√
2
x
=
|x|+√x2 − 2√
2 sgn x
=
x+ sgn x
√
x2 − 2√
2
.
Òàêèì îáðàçîì, èñõîäíûé èíòåãðàë ðàâåí:
I = sgn x
(√
x2 − 2
2
|x|+ ln
∣∣∣∣x+ sgn x√x2 − 2√2
∣∣∣∣)+ C =
=
x
√
x2 − 2
2
+ sgn x ln
∣∣∣∣x+ sgn x√x2 − 2√2
∣∣∣∣︸ ︷︷ ︸
S2
+C.
Âûßñíèì, êàêèå çíà÷åíèß ìîæåò ïðèíèìàòü S2.
x >
√
2 : S2 = ln
(
x+
√
x2 − 2)− ln√2;
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x < −
√
2 : S2 = − ln
∣∣∣∣x−√x2 − 2√2
∣∣∣∣ = − ln ∣∣∣∣ x2 − (x2 − 2)√2 (x+√x2 − 2)
∣∣∣∣ =
= − ln
∣∣∣∣∣
√
2
x+
√
x2 − 2
∣∣∣∣∣ = − ln√2 + ln ∣∣∣x+√x2 − 2∣∣∣ .
È, îêîí÷àòåëüíî:
I =
x
√
x2 − 2
2
+ ln
∣∣∣x+√x2 − 2∣∣∣− ln√2 + C︸ ︷︷ ︸
C˜
=
=
x
√
x2 − 2
2
+ ln
∣∣∣x+√x2 − 2∣∣∣+ C˜.
1781.
∫
dx
(x2+a2)
3
2
.
Â äàííîì ñëó÷àå óäîáíî âîñïîëüçîâàòüñß ïîäñòàíîâêîé
x = a tg t, t ∈
(−pi
2
;
pi
2
)
.
Ïðè ýòîì:
dx =
a dt
cos2 t
; x2 + a2 = a2(tg2t+ 1) =
a2
cos2 t
; | cos t| = cos t.
Èìååì:∫
dx
(x2 + a2)
3
2
=
∫ a dt
cos2 t
a3
cos3 t
=
1
a2
∫
cos tdt =
1
a2
sin t+ C =
=
1
a2
tg t cos t+ C =
1
a2
· x
a
· 1√
1 +
(
x
a
)2 + C = xa2√x2 + a2 + C.
1782.
∫ √
a+x
a−xdx.
Îáëàñòü îïðåäåëåíèß ïîäûíòåãðàëüíîé ôóíêöèè:
a+ x
a− x ≥ 0⇒ −a ≤ x < a.
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Î÷åâèäíî, ÷òî ëþáàß ïîäñòàíîâêà âèäà
x = a sinαt èëè x = a cosαt
ïîçâîëèò x ¾çàïîëíèòü¿ óêàçàííóþ îáëàñòü.
Âûáèðàß êîíêðåòíóþ ïîäñòàíîâêó, ìû äîëæíû ìàêñèìàëüíî
óïðîñòèòü ïîäûíòåãðàëüíîå âûðàæåíèå. Èçáàâèìñß îò ðàäèêà-
ëà, ïîëîæèâ x = a cos 2t. Ïðè ýòîì
a+ x
a− x =
a(1 + cos 2t)
a(1− cos 2t) =
2 cos2 t
2 sin2 t
=
(
cos t
sin t
)2
;
√
a+ x
a− x =
∣∣∣∣cos tsin t
∣∣∣∣ .
×òîáû ¾çàïîëíèòü¿ âñþ îáëàñòü îïðåäåëåíèß ïîäûíòåãðàëüíîé
ôóíêöèè, äîñòàòî÷íî ðàññìàòðèâàòü t ∈ (0; pi
2
] (íàïîìíèì, ÷òî
ñîîòâåòñòâèå ìåæäó x è t äîëæíî áûòü âçàèìíî-îäíîçíà÷íûì).
Â ýòîì ñëó÷àå | cos t| = cos t; | sin t| = sin t. Èìååì:∫ √
a+ x
a− xdx =
∫
cos t
sin t
(−2a sin 2t)dt = −4a
∫
cos t
sin t
sin t cos tdt =
= −4a
∫
cos2 tdt = −2a
∫
(1+cos 2t)dt = −2a
(
t+
1
2
sin 2t
)
+C =
= −2a
(
1
2
arccos
x
a
+
1
2
√
1−
(x
a
)2)
+ C = −a arccos x
a
−
−
√
a2 − x2 + C = a arcsin x
a
−
√
a2 − x2 + C˜.
Äëß ïîëó÷åíèß ïîñëåäíåãî ðåçóëüòàòà ìû âîñïîëüçîâàëèñü ôîð-
ìóëîé
arcsin y + arccos y =
pi
2
.
1783.
∫
x
√
x
2a−xdx.
Â îáëàñòè îïðåäåëåíèß ïîäûíòåãðàëüíîé ôóíêöèè:
x
2a− x ≥ 0⇒ 0 ≤ x < 2a.
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Ïîëîæèì x = 2a sin2 t, t ∈ [0; pi
2
). Òîãäà
dx = 4a sin t cos tdt,
x
2a− x =
2a sin2 t
2a(1− sin2 t) =
(
sin t
cos t
)2
.
Ó÷èòûâàß, ÷òî â ðàññìàòðèâàåìîé îáëàñòè sin t ≥ 0; cos t > 0,
ïîëó÷èì:∫
x
√
x
2a− xdx =
∫
2a sin2 t
sin t
cos t
4a sin t cos tdt = 8a2
∫
sin4 tdt =
(âîñïîëüçóåìñß ðåçóëüòàòîì çàäà÷è 1749)
= a2(3t−2 sin 2t+1
4
sin 4t)+C = a2(3t−2 sin 2t+1
2
sin 2t cos 2t)+C =
= 3a2t+
a2
2
sin 2t(cos 2t− 4) + C = I.
Âåðíåìñß ê x:
x = 2a sin2 t, t ∈ [0; pi
2
)⇒ sin t =
√
x
2a
; t = arcsin
√
x
2a
.
x = 2a · 1− cos 2t
2
= a(1− cos 2t)⇒ cos 2t = a− x
a
;
sin 2t =
√
1−
(
a− x
a
)2
=
√
x(2a− x)
a
.
Òàêèì îáðàçîì:
I = 3a2 arcsin
√
x
2a
− x+ 3a
2
√
x(2a− x) + C.
5.5. Èñïîëüçîâàíèå ãèïåðáîëè÷åñêèõ ïîäñòàíîâîê ïðè èí-
òåãðèðîâàíèè.
Ïðè ðåøåíèè çàäà÷ 17861790 ïðåäëàãàåòñß èñïîëüçîâàíèå
ãèïåðáîëè÷åñêèõ ïîäñòàíîâîê x = a sh t, x = a ch t (ïàðàìåòðû
ïîëîæèòåëüíû) è ò.ï.
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1787.
∫
x2√
a2+x2
dx.
Ãèïåðáîëè÷åñêàß ïîäñòàíîâêà x = a sh t ïîçâîëèò íàì èçáàâèòü-
ñß îò ðàäèêàëà. Èìååì:
x = a sh t,
√
a2 + x2 =
√
a2(1 + sh2t) = a
√
ch2t = a ch t,
dx = a ch tdt.
Äëß èíòåãðàëà ïîëó÷èì:∫
x2√
a2 + x2
dx =
∫
a2 sh2t
a ch t
· ach t dt = a2
∫
sh2tdt =
=
a2
2
∫
(ch 2t− 1)dt = a
2
2
(
1
2
sh 2t− t
)
+ C.
Âåðíåìñß ê èñõîäíîé ïåðåìåííîé èíòåãðèðîâàíèß. Î÷åâèäíî,
÷òî
sh 2t = 2 sh t ch t = 2 · x
a
·
√
1 +
(x
a
)2
=
2x
√
a2 + x2
a2
.
Îñòàëîñü âûðàçèòü t ÷åðåç x. Äëß ýòîãî ïðåäâàðèòåëüíî ðåøèì
îòíîñèòåëüíî t óðàâíåíèå sh t = z:
sh t = z ⇒ e
t − e−t
2
= z,
(
et
)2−2z et−1 = 0, et = z±√z2 + 1.
Ïîñêîëüêó et > 0, òî îäèí êîðåíü ßâëßåòñß ïîñòîðîííèì. Ñëå-
äîâàòåëüíî
et = z +
√
z2 + 1 è t = ln(z +
√
z2 + 1).
Îòìåòèì, ÷òî òàêèì îáðàçîì ìû ïîëó÷èëè âûðàæåíèå äëß îá-
ðàòíîãî ãèïåðáîëè÷åñêîãî ñèíóñà:
sh t = z ⇒ t = ln(z +
√
z2 + 1) = Arsh z
Â íàøåì ñëó÷àå sh t = x
a
, ïîýòîìó t = ln(x +
√
x2 + a2) − ln a.
Òàêèì îáðàçîì,∫
x2√
a2 + x2
dx =
x
2
√
a2 + x2 − a
2
2
ln(x+
√
x2 + a2) + C˜.
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Âåðíåìñß òåïåðü ê çàäà÷å 1779 è ïðîäåìîíñòðèðóåì îáåùàí-
íîå ðàíåå èñïîëüçîâàíèå ãèïåðáîëè÷åñêèõ ïîäñòàíîâîê ïðè å¼
ðåøåíèè. Èòàê,
1779.
∫
x2dx√
x2−2 .
Íàïîìíèì, ÷òî îáëàñòü îïðåäåëåíèß ïîäûíòåãðàëüíîé ôóíê-
öèè: |x| > √2.
Äëß x >
√
2 ïîëîæèì x =
√
2 ch t, t ∈ (0;+∞). Òîãäà
dx =
√
2 sh tdt, x2 − 2 = 2( ch 2t− 1) = 2 sh 2t,
√
x2 − 2 =
√
2| sh t| =
√
2 sh t.∫
x2dx√
x2 − 2 =
∫
2 ch 2t(
√
2 sh t)dt√
2 sh t
= 2
∫
ch 2tdt =
=
∫
(1 + ch 2t)dt = t+
1
2
sh 2t+ C = t+ sh t ch t+ C.
Âûðàçèì ðåçóëüòàò ÷åðåç x. Äëß ýòîãî ïðåäâàðèòåëüíî, êàê è
ïðè ðåøåíèè ïðåäûäóùåé çàäà÷è, ïîëó÷èì âûðàæåíèå äëß îá-
ðàòíîãî ãèïåðáîëè÷åñêîãî êîñèíóñà. Èìååì:
ch t = z ⇒ e
t + e−t
2
= z,
(
et
)2 − 2z et + 1 = 0, et = z ±√z2 − 1.
Ïîñêîëüêó z ≥ 1 è et > 0, òî êîðåíü ñî çíàêîì ¾ìèíóñ¿ îïßòü
îêàçûâàåòñß ïîñòîðîííèì. Ïîýòîìó
et = z +
√
z2 − 1 è t = ln(z +
√
z2 − 1).
Òàêèì îáðàçîì:
ch t = z ⇒ t = ln(z +
√
z2 − 1) = Arch z
Â íàøåì ñëó÷àå
t = ln(x+
√
x2 − 2)−
√
2, sh t ch t =
√
x2 − 2√
2
· x√
2
=
x
2
√
x2 − 2.
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Äëß èíòåãðàëà ïîëó÷àåì:∫
x2dx√
x2 − 2 =
x
2
√
x2 − 2 + ln(x+
√
x2 − 2) + C˜.
Ñäåëàâ àíàëîãè÷íûå âûêëàäêè äëß x < −√2:
x = −
√
2 ch t, t ∈ (0;+∞) è ò.ä.,
ïîëó÷èì ðåçóëüòàò, óêàçàííûé íà ñ. 34.
1788.
∫ √
x−a
x+a
dx.
Íàéäåì îáëàñòü îïðåäåëåíèß ïîäûíòåãðàëüíîé ôóíêöèè:
x− a
x+ a
≥ 0⇒
[
x ≥ a,
x < −a.
Ðàññìîòðèì ñëó÷àé x ≥ a. Ïîëîæèì x− a = 2a sh 2t,
t ∈ [0; +∞). Òîãäà
x+ a = 2a sh 2t+ 2a = 2a( sh 2t+ 1) = 2a ch 2t;√
x− a
x+ a
=
√
2a sh 2t
2a ch 2t
=
∣∣∣∣ sh tch t
∣∣∣∣ = sh tch t ; dx = 4a sh t ch tdt.
Ïîëó÷èì:∫ √
x− a
x+ a
dx = 4a
∫
sh t
ch t
sh t ch tdt = 4a
∫
sh 2tdt =
= 2a
∫
( ch 2t− 1)dt = 2a
(
1
2
sh 2t− t
)
+ C˜ = a sh 2t− 2at+ C˜ =
= 2a sh t ch t− 2at+ C˜.
Âåðíåìñß ê x:
sh t =
√
x− a
2a
; ch t =
√
x+ a
2a
; t = Arsh
√
x− a
2a
=
= ln
(√
x− a
2a
+
√
x− a
2a
+ 1
)
= ln(
√
x− a+√x+ a)− ln
√
2a.
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Òàêèì îáðàçîì, äëß x ≥ a:∫ √
x− a
x+ a
dx =
√
x2 − a2 − 2a ln(√x− a+√x+ a) + C.
Ðàññìîòðèì òåïåðü ñëó÷àé x < −a. Ïîëîæèì x+a = −2a sh 2t,
t ∈ (0;+∞). Òîãäà
x− a = −2a sh 2t− 2a = −2a( sh 2t+ 1) = −2a ch 2t;√
x− a
x+ a
=
√
−2a ch 2t
−2a sh 2t =
∣∣∣∣ ch tsh t
∣∣∣∣ = ch tsh t ; dx = −4a sh t ch tdt.
Ïîëó÷èì:∫ √
x− a
x+ a
dx = −4a
∫
ch 2tdt = −2a
∫
( ch 2t+ 1)dt =
= −2a
(
1
2
sh 2t+ t
)
+ C˜ = −2a sh t ch t− 2at+ C˜.
Âåðíåìñß ê x:
sh t =
√
x+ a
−2a ; ch t =
√
x− a
−2a ; t = Arsh
√
x+ a
−2a =
= ln
(√
x+ a
−2a +
√
x+ a
−2a + 1
)
=
= ln
√−x− a+√−x+ a√
2a
= ln(
√−x− a+√−x+ a)− ln
√
2a,
è, îêîí÷àòåëüíî, äëß x < −a:∫ √
x− a
x+ a
dx = −
√
x2 − a2 − 2a ln(√−x− a+√−x+ a) + C.
Èòîã:
∫ √
x− a
x+ a
dx =

√
x2 − a2 − 2a ln(√x− a+√x+ a) + C,
åñëè x ≥ a;
−√x2 − a2 − 2a ln(√−x− a+√−x+ a) + C,
åñëè x < −a.
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1789.
∫
dx√
(x+a)(x+b)
.
Ïðåäïîëîæèì, äëß îïðåäåëåííîñòè, ÷òî b > a.
Î÷åâèäíî, ÷òî ïîäûíòåãðàëüíàß ôóíêöèß îïðåäåëåíà ëèøü â
ñëåäóþùèõ ñëó÷àßõ:{
x+ a > 0,
x+ b > 0;
è
{
x+ a < 0,
x+ b < 0.
Ðàññìîòðèì ïåðâóþ ñèòóàöèþ: x+a > 0 è x+b > 0. Ïîëîæèì
x+ a = (b− a) sh 2t, t ∈ (0;+∞). Òîãäà
x+ b = x+a+(b−a) = (b−a) sh 2t+(b−a) = (b−a)( sh 2t+1) =
= (b− a) ch 2t; dx = 2(b− a) sh t ch tdt;√
(x+ a)(x+ b) = (b− a)| sh t| · | ch t| = (b− a) sh t ch t.
Äëß èíòåãðàëà ïîëó÷èì:∫
dx√
(x+ a)(x+ b)
= 2
∫
dt = 2t+ C˜.
Âûðàçèì t ÷åðåç x:
sh t =
√
x+ a
b− a ,
t = Arsh
√
x+ a
b− a = ln
(√
x+ a
b− a +
√
x+ a
b− a + 1
)
=
= ln
(√
x+ a
b− a +
√
x+ b
b− a
)
= ln(
√
x+ a+
√
x+ b)− ln√b− a.
Òàêèì îáðàçîì, ïðè x+ a > 0, x+ b > 0:∫
dx√
(x+ a)(x+ b)
= 2 ln(
√
x+ a+
√
x+ b) + C.
Âî âòîðîì ñëó÷àå (x+ a < 0, x+ b < 0) ïîëîæèì
x+ b = −(b− a) sh 2t, t ∈ (0;+∞).
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Ïðîäåëàâ àíàëîãè÷íûå âûêëàäêè (ïðåäëàãàåì ýòî ñäåëàòü ÷è-
òàòåëþ), ïîëó÷èì:∫
dx√
(x+ a)(x+ b)
= −2 ln(√−x− a+√−x− b) + C.
5.6. Îáùèå çàìå÷àíèß îòíîñèòåëüíî èñïîëüçîâàíèß ìå-
òîäà çàìåíû ïåðåìåííîãî.
Çàêàí÷èâàß ðàññìîòðåíèå ìåòîäà çàìåíû ïåðåìåííîãî, îòìå-
òèì, ÷òî Âàøå óìåíèå îòûñêèâàòü óäîáíóþ ïîäñòàíîâêó (âûáè-
ðàòü óäîáíûé íîâûé àðãóìåíò) çàâèñèò, ïðåæäå âñåãî, îò Âàøå-
ãî îïûòà, ò.å. îò êîëè÷åñòâà ðåøåííûõ ëè÷íî Âàìè ïðèìåðîâ.
Íàäååìñß, ÷òî Âû çàìåòèëè ñëåäóþùåå.
(1) Â èíòåãðàëàõ âèäà∫
g(x2)xdx =
1
2
∫
g(x2)d(x2)
åñòåñòâåííà çàìåíà u = x2.
(2) Â èíòåãðàëàõ âèäà∫
g(sinx) cos xdx,
∫
g(cosx) sinxdx,
∫
g(tg x)
dx
cos2 x
óäîáíà çàìåíà (ñîîòâåòñòâåííî):
u = sin x, u = cos x, u = tg x.
(3) Â èíòåãðàëàõ âèäà∫
f ′(x)
f(x)
dx =
∫
d
(
f(x)
)
f(x)
çàìåíà àðãóìåíòà u = f(x) ñðàçó ïðèâîäèò ê îòâåòó:∫
f ′(x)
f(x)
dx =
∫
du
u
= ln |u|+ C = ln |f(x)|+ C.
(4) Èíòåãðèðîâàòü âûðàæåíèß, ñîäåðæàùèå ðàäèêàë
√
a2 − x2,
ìîæíî ñ ïîìîùüþ ïîäñòàíîâîê
x = a sin t, t ∈
[
−pi
2
;
pi
2
]
, ïðè ýòîì
√
a2 − x2 = a cos t;
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èëè
x = a cos t, t ∈ [o;pi] , ïðè ýòîì
√
a2 − x2 = a sin t.
(5) Åñëè ïîäûíòåãðàëüíàß ôóíêöèß ñîäåðæèò
√
x2 − a2, óäîá-
íî èñïîëüçîâàòü ïîäñòàíîâêè
x = a ch t, t ∈ [0; +∞) äëß x > a;
x = −a ch t, t ∈ [0; +∞) äëß x < −a.
Ïðè ýòîì
√
x2 − a2 = a sh t.
(6) Åñëè ïîäûíòåãðàëüíàß ôóíêöèß ñîäåðæèò
√
x2 + a2, óäîá-
íî èñïîëüçîâàíèå ïîäñòàíîâêè x = a sh t.
Ïðè ýòîì
√
x2 + a2 = a ch t.
Â ýòîì æå ñëó÷àå ìîæíî ïîëîæèòü
x = a tg t, t ∈
(
−pi
2
;
pi
2
)
, òîãäà
√
x2 + a2 =
a
cos t
.
Â êà÷åñòâå óïðàæíåíèß ïðåäëàãàåì ÷èòàòåëþ ñàìîñòîßòåëüíî
âûßâèòü åùå íåñêîëüêî õàðàêòåðíûõ ñèòóàöèé (ò.å. êîíêðåòè-
çèðîâàòü âèä ïîäûíòåãðàëüíîãî âûðàæåíèß è óêàçàòü óäîáíóþ
äëß ýòîãî ñëó÷àß çàìåíó ïåðåìåííîãî).
5.7. Ïðèìåíåíèå ìåòîäà èíòåãðèðîâàíèß ïî ÷àñòßì.
Ïåðåéäåì ê ðàññìîòðåíèþ ñëåäóþùåãî ìåòîäà  ìåòîäà èí-
òåãðèðîâàíèß ïî ÷àñòßì.
Íàïîìíèì ñóòü ìåòîäà: åñëè u è v  íåïðåðûâíî äèôôåðåí-
öèðóåìûå ôóíêöèè îò x, òî∫
udv = uv −
∫
vdu.
Òàêèì îáðàçîì, ïðè èíòåãðèðîâàíèè ïî ÷àñòßì íàõîæäåíèå
∫
udv
ñâîäèòñß ê âû÷èñëåíèþ äðóãîãî èíòåãðàëà 
∫
vdu. Î÷åâèäíî,
÷òî èñïîëüçîâàíèå äàííîãî ìåòîäà óäîáíî òîãäà, êîãäà ïîñëåä-
íèé èíòåãðàë ïðîùå (èëè íå ñëîæíåå) èñõîäíîãî.
Ïåðâûé, è îïðåäåëßþùèé, øàã ïðè ïðèìåíåíèè äàííîãî ìå-
òîäà  âûáîð u è dv. Êàê ïðàâèëî, çà u âûáèðàåòñß ôóíêöèß,
êîòîðàß ïðè äèôôåðåíöèðîâàíèè ¾óïðîùàåòñß¿, à çà dv  òà
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÷àñòü ïîäûíòåãðàëüíîãî âûðàæåíèß, èíòåãðàë îò êîòîðîé èçâå-
ñòåí èëè ìîæåò áûòü íàéäåí. Çàìåòèì, ÷òî äàëåå, ïðè èñïîëü-
çîâàíèè ìåòîäà èíòåãðèðîâàíèß ïî ÷àñòßì, â çàïèñè v =
∫
dv
ïîä
∫
dv ïîíèìàåòñß îäíà èç ïåðâîîáðàçíûõ.
Îòìåòèì, ÷òî ìåòîä èíòåãðèðîâàíèß ïî ÷àñòßì èìååò áîëåå
îãðàíè÷åííóþ îáëàñòü ïðèìåíåíèß, ÷åì ìåòîä çàìåíû ïåðåìåí-
íîé, íî åñòü öåëûå êëàññû èíòåãðàëîâ, êîòîðûå âû÷èñëßþòñß
èìåííî ñ ïîìîùüþ èíòåãðèðîâàíèß ïî ÷àñòßì. Íàïðèìåð,
• äëß èíòåãðàëîâ âèäà∫
P (x) eax dx,
∫
P (x) sin ax dx,
∫
P (x) cos ax dx,
ãäå P (x)  ìíîãî÷ëåí, çà u ñëåäóåò ïðèíßòü P (x), à çà
dv  ñîîòâåòñòâåííî âûðàæåíèß
eax dx, sin ax dx, cos ax dx;
• äëß èíòåãðàëîâ âèäà∫
P (x) lnm x dx (m ∈ N),
∫
P (x) arcsin x dx,∫
P (x) arccos x dx,
∫
P (x) arctg x dx
çà u ïðèíèìàåì ñîîòâåòñòâåííî ôóíêöèè
lnm x, arcsin x, arccosx, arctg x,
à çà dv  âûðàæåíèå P (x) dx.
Èíîãäà, ïðèìåíßß ìåòîä èíòåãðèðîâàíèß ïî ÷àñòßì, óäàåòñß
ïîëó÷èòü íåòðèâèàëüíîå óðàâíåíèå äëß èñõîäíîãî èíòåãðàëà.
Ðåøåíèå çàäà÷ íà÷íåì ñ îäíîé èç ñàìûõ ïðîñòûõ.
1791.
∫
lnxdx.
Ñäåëàåì âûáîð:
∣∣∣∣u = ln x, du = dxx ,dv = dx, v = x
∣∣∣∣. Ïîëó÷èì:∫
ln xdx = x ln x−
∫
x · dx
x
= x lnx− x+ C = x(lnx− 1) + C.
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1793.
∫ (
lnx
x
)2
dx.
Âîçâåäß â êâàäðàò ÷èñëèòåëü è çíàìåíàòåëü äðîáè, ¾ðàçáèâàåì¿
ïîäûíòåãðàëüíîå âûðàæåíèå íà u è dv:∫ (
lnx
x
)2
dx =
∫
ln2 x
x2
dx =
∣∣∣∣u = ln2 x, du = 2 ln xdxx ,dv = dx
x2
, v =
∫
dx
x2
= − 1
x
∣∣∣∣ =
= − ln
2 x
x
+ 2
∫
ln x
dx
x2
=
∣∣∣∣u = ln x, du = dxx ,dv = dx
x2
, v =
∫
dx
x2
= − 1
x
∣∣∣∣ =
(äëß âû÷èñëåíèß âòîðîãî ñëàãàåìîãî òàêæå ïðèìåíßåì ìåòîä
èíòåãðèðîâàíèß ïî ÷àñòßì)
= − ln
2 x
x
+ 2
(
− lnx
x
+
∫
dx
x2
)
= − ln
2 x
x
− 2ln x
x
− 2 · 1
x
+ C =
= −1
x
(
ln2 x+ 2 ln x+ 2
)
+ C.
1797.
∫
x3 e−x
2
dx.
Ïðåäâàðèòåëüíî ââåäåì íîâûé àðãóìåíò t = x2:∫
x3 e−x
2
dx =
∫
x2 e−x
2
xdx =
1
2
∫
t e−t dt =
=
∣∣∣∣ u = t, du = dt,dv = e−t dt, v = ∫ e−t dt = −e−t
∣∣∣∣ = 12
(
−t e−t +
∫
e−t dt
)
=
=
1
2
(−t e−t − e−t)+C = −1
2
(t+1) e−t+C = −1
2
(x2+1) e−x
2
+C.
1799.
∫
x2 sin 2xdx.
Ïðè ðåøåíèè äàííîé çàäà÷è ïðîäåìîíñòðèðóåì èñïîëüçîâàíèå
ïðèåìà çàíåñåíèß v ïîä çíàê äèôôåðåíöèàëà. Èìååì:∫
x2 sin 2xdx =
∫
x2 d
(
−cos 2x
2
)
= −1
2
∫
x2︸︷︷︸
u
d(cos 2x︸ ︷︷ ︸
v
) =
= −1
2
(
x2 cos 2x−
∫
cos 2x︸ ︷︷ ︸
v
d( x2︸︷︷︸
u
)
)
= −1
2
(
x2 cos 2x−
−2
∫
x cos 2xdx
)
= −1
2
(
x2 cos 2x−
∫
xd(sin 2x)
)
=
46
= −1
2
(
x2 cos 2x− x sin 2x+
∫
sin 2xdx
)
= −1
2
(
x2 cos 2x−
−x sin 2x− 1
2
cos 2x
)
+ C =
1
4
(1− 2x2) cos 2x+ 1
2
x sin 2x+ C.
1802.
∫
arctg x dx.∫
arctg x dx =
∣∣∣∣u = arctg x, du = dx1+x2 ,dv = dx, v = x
∣∣∣∣ = x arctg x−∫ xdx1 + x2 =
= x arctg x− 1
2
ln(1 + x2) + C.
1806.
∫
arcsinx
x2
dx.∫
arcsinx
x2
dx =
∣∣∣∣u = arcsin x, du = dx√1−x2dv = dx
x2
, v = − 1
x
∣∣∣∣ = −arcsinxx +
+
∫
dx
x
√
1− x2 = −
arcsinx
x
+
∫
xdx
x2
√
1− x2 .
Â ïîñëåäíåì èíòåãðàëå ñäåëàåì çàìåíó ïåðåìåííîé:√
1− x2 = t, x2 = 1− t2, xdx = −tdt.
Ïîëó÷èì:∫
xdx
x2
√
1− x2 = −
∫
tdt
(1− t2) t = −
∫
dt
1− t2 = −
1
2
ln
∣∣∣∣1 + t1− t
∣∣∣∣+C =
= −1
2
ln
∣∣∣∣1 +√1− x21−√1− x2
∣∣∣∣+C = −12 ln
∣∣∣∣∣
(
1 +
√
1− x2)2
(1−√1− x2)(1 +√1− x2)
∣∣∣∣∣+
+C = −1
2
ln
∣∣∣∣(1 +√1− x2)21− (1− x2)
∣∣∣∣+C = −12 ln
(
1 +
√
1− x2
x
)2
+C =
= − ln
∣∣∣∣1 +√1− x2x
∣∣∣∣+ C.
Îêîí÷àòåëüíî ïîëó÷àåì:∫
arcsinx
x2
dx = −arcsinx
x
− ln
∣∣∣∣1 +√1− x2x
∣∣∣∣+ C.
47
1810.
∫
sinx ln(tg x) dx.∫
sinx ln(tg x) dx = −
∫
ln(tg x) d(cos x) = − cosx ln(tg x)+
+
∫
cosxd ln(tg x) =
[
d ln(tg x) =
1
tg x
· dx
cos2 x
=
dx
sinx cosx
]
=
= − cosx ln(tg x) +
∫
dx
sinx
= (âîñïîëüçóåìñß ðåçóëüòàòîì
çàäà÷è 1703) = − cosx ln(tg x) + ln
∣∣∣tgx
2
∣∣∣+ C.
1816.
∫
x2
(1+x2)2
dx.∫
x2
(1 + x2)2
dx =
∫
x
xdx
(1 + x2)2
=
1
2
∫
xd
( −1
1 + x2
)
=
=
∣∣∣∣ u = x, du = dx,dv = d ( −1
1+x2
)
, v = − 1
1+x2
∣∣∣∣ = 12
(
− x
1 + x2
+
∫
dx
1 + x2
)
=
= − x
2(1 + x2)
+
1
2
arctg x+ C.
1817.
∫
dx
(a2+x2)2
.
Ðàçîáüåì èíòåãðàë íà äâà ñëàãàåìûõ:∫
dx
(a2 + x2)2
=
1
a2
∫
a2dx
(a2 + x2)2
=
1
a2
∫
(a2 + x2)− x2
(a2 + x2)2
dx =
=
1
a2
(∫
dx
a2 + x2
−
∫
x2
(a2 + x2)2
dx
)
=
1
a2
· 1
a
arctg
x
a
−
− 1
a2
∫
x
xdx
(a2 + x2)2
=
(ïîñëåäíèé èíòåãðàë âû÷èñëßåòñß àíàëîãè÷íî èíòåãðàëó çàäà÷è
1816, ðåêîìåíäóåì ÷èòàòåëþ ïðîäåëàòü âñå âûêëàäêè ñàìîñòî-
ßòåëüíî)
=
1
a3
arctg
x
a
+
x
2a2
· 1
a2 + x2
− 1
2a3
arctg
x
a
+ C =
1
2a3
arctg
x
a
+
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+
1
2a2
· x
a2 + x2
+ C.
1818.
∫ √
a2 − x2dx.
Çàìåòèì, ÷òî ïðîùå âñåãî, íà íàø âçãëßä, âû÷èñëèòü äàííûé
èíòåãðàë ñ ïîìîùüþ òðèãîíîìåòðè÷åñêîé ïîäñòàíîâêè 
x = a sin t, t ∈ [−pi
2
; pi
2
]
, íàïðèìåð.
Ïîêàæåì, òåì íå ìåíåå, êàê â äàííîì ñëó÷àå ¾ðàáîòàåò¿ ìåòîä
èíòåãðèðîâàíèß ïî ÷àñòßì. Èòàê,∫ √
a2 − x2dx =
∣∣∣∣u = √a2 − x2, du = − xdx√a2−x2dv = dx, v = x
∣∣∣∣ = x√a2 − x2+
+
∫
x2dx√
a2 − x2 = x
√
a2 − x2 −
∫
(−x2 + a2)− a2√
a2 − x2 dx =
= x
√
a2 − x2 −
∫
(a2 − x2)√
a2 − x2dx+ a
2
∫
dx√
a2 − x2 =
= x
√
a2 − x2 −
∫ √
a2 − x2dx+ a2 arcsin x
a
.
Ñîåäèíèâ íà÷àëî è êîíåö ¾öåïî÷êè¿ ðàâåíñòâ, ïîëó÷èì:
(1)
∫ √
a2 − x2dx︸ ︷︷ ︸
I
= x
√
a2 − x2 −
∫ √
a2 − x2dx︸ ︷︷ ︸
I
+a2 arcsin
x
a
.
Òàêèì îáðàçîì, èíòåãðèðóß ïî ÷àñòßì, ìû ïîëó÷èëè ëèíåéíîå
óðàâíåíèå íà èñêîìûé èíòåãðàë I. Ðåøèâ ýòî óðàâíåíèå, ïîëó-
÷àåì îòâåò:
(2) I =
∫ √
a2 − x2dx = x
2
√
a2 − x2 + a
2
2
arcsin
x
a
+ C.
Âîïðîñû ÷èòàòåëþ. Ïî÷åìó â ðàâåíñòâå (2) ïîßâèëàñü êîíñòàí-
òà C, è ïî÷åìó îíà îòñóòñòâóåò â ðàâåíñòâå (1)?
1824.
∫
x earctg x
(1+x2)
3
2
dx.
Ââåäåì íîâûé àðãóìåíò:
arctg x = y, x = tg y, dx =
dy
cos2 y
,
[
y ∈
(
−pi
2
;
pi
2
)]
.
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Çàìåòèì, ÷òî îãðàíè÷åíèß íà èçìåíåíèå y ñëåäóþò èç îïðåäå-
ëåíèß àðêòàíãåíñà. Ïîëó÷àåì:∫
x earctg x
(1 + x2)
3
2
dx =
∫
tg y ey
(1 + tg2 y)
3
2
· dy
cos2 y
=
∫
tg y cos3 y ey dy
cos2 y
=
=
∫
ey sin ydy.
Èíòåãðèðóß äâàæäû ïî ÷àñòßì, ïîëó÷èì óðàâíåíèå íà ïîñëåä-
íèé èíòåãðàë:∫
ey sin ydy =
∣∣∣∣ u = ey, du = ey dydv = sin ydy, v = − cos y
∣∣∣∣ = −ey cos y+
+
∫
ey cos ydy =
∣∣∣∣ u = ey, du = ey dydv = cos ydy, v = sin y
∣∣∣∣ = −ey cos y+
+ey sin y −
∫
ey sin ydy.
Çàìûêàåì ¾öåïî÷êó¿ ðàâåíñòâ:∫
ey sin ydy = ey(sin y − cos y)−
∫
ey sin ydy,
è ïîëó÷àåì, ÷òî∫
ey sin ydy =
ey
2
(sin y − cos y) + C = e
y
2
(tg y − 1) cos y + C =
=
ey
2
(tg y − 1) 1√
1 + tg2 y
+ C =
earctg x
2
(x− 1) 1√
1 + x2
+ C.
1828.
∫
eax cos bxdx.
Ýòîò èíòåãðàë òàêæå ìîæíî âû÷èñëèòü ñ ïîìîùüþ äâóêðàòíîãî
èíòåãðèðîâàíèß ïî ÷àñòßì.∫
eax cos bxdx =
1
b
∫
eax︸︷︷︸
u
d(sin bx︸ ︷︷ ︸
v
) =
1
b
(
eax sin bx−
−
∫
sin bxd(eax)
)
=
1
b
eax sin bx− a
b
∫
eax sin bxdx =
50
=
1
b
eax sin bx+
a
b2
∫
eax︸︷︷︸
u
d(cos bx︸ ︷︷ ︸
v
) =
1
b
eax sin bx+
+
a
b2
(
eax cos bx− a
∫
eax cos bxdx
)
=
1
b
eax sin bx+
+
a
b2
eax cos bx− a
2
b2
∫
eax cos bxdx︸ ︷︷ ︸
I1
=
∫
eax cos bxdx︸ ︷︷ ︸
I1
.
Ïîëó÷èëè ëèíåéíîå óðàâíåíèå íà I1:
1
b
eax sin bx+
a
b2
eax cos bx− a
2
b2
I1 = I1,
ðåøèâ êîòîðîå, èìååì:
I1 =
∫
eax cos bxdx =
a cos bx+ b sin bx
a2 + b2
eax + C.
Çàäà÷à
1829.
∫
eax sin bxdx
ðåøàåòñß àíàëîãè÷íûì îáðàçîì.
Ïðåäëàãàåì ÷èòàòåëþ ñïðàâèòüñß ñ íåé ñàìîñòîßòåëüíî.
Ìû æå ïðèâåäåì åùå îäèí ñïîñîá âû÷èñëåíèß èíòåãðàëîâ çàäà÷
1828 è 1829, îñíîâàííûé íà èñïîëüçîâàíèè êîìïëåêñíûõ ÷èñåë.
Ââåäåì îáîçíà÷åíèß:
I1 =
∫
eax cos bxdx, I2 =
∫
eax sin bxdx.
Ðàññìîòðèì âñïîìîãàòåëüíûé èíòåãðàë
I =
∫
e(a+ib)xdx =
∫
eax eibx dx =
∫
eax(cos bx+ i sin bx)dx =
=
∫
eax cos bxdx+ i
∫
eax sin bxdx = I1 + i I2
(íàïîìíèì, ÷òî i  ìíèìàß åäèíèöà, i2 = −1).
Òàêèì îáðàçîì: I1 = Re I (âåùåñòâåííàß ÷àñòü I), I2 = Im I
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(ìíèìàß ÷àñòü I).
Âû÷èñëèì I.∫
e(a+ib)xdx =
1
a+ ib
e(a+ib)x + C =
a− ib
(a+ ib)(a− ib)e
(a+ib)x + C =
=
a− ib
a2 + b2
e(a+ib)x + C =
a− ib
a2 + b2
eax(cos bx+ i sin bx) + C =
=
eax
a2 + b2
(a− ib)(cos bx+ i sin bx) + C = I.
Âûäåëßåì âåùåñòâåííóþ è ìíèìóþ ÷àñòü I è ïðèðàâíèâàåì ê
I1 è I2 ñîîòâåòñòâåííî:
Re I =
a cos bx+ b sin bx
a2 + b2
eax + C = I1 =
∫
eax cos bxdx,
Im I =
a sin bx− b cos bx
a2 + b2
eax + C = I2 =
∫
eax sin bxdx.
Â äàëüíåéøåì Âàì íå îäèí ðàç ïðèäåòñß ïîëüçîâàòüñß ýòèìè
ðåçóëüòàòàìè. Âûäåëèì èõ:∫
eax cos bxdx =
a cos bx+ b sin bx
a2 + b2
eax + C,
∫
eax sin bxdx =
a sin bx− b cos bx
a2 + b2
eax + C.
È, çàêàí÷èâàß ðàáîòàòü ñ ìåòîäîì èíòåãðèðîâàíèß ïî ÷àñòßì,
ïîëó÷èì ñ åãî ïîìîùüþ ðåêóððåíòíóþ ôîðìóëó äëß âû÷èñëå-
íèß èíòåãðàëà
In =
∫
dx
(x2 + a2)n
(n = 1, 2, 3, . . . ).
Èòàê,
In =
∫
1
(x2 + a2)n︸ ︷︷ ︸
u
dx︸︷︷︸
dv
=
x
(x2 + a2)n
−
∫
xd
(
1
(x2 + a2)n
)
=
52
=
x
(x2 + a2)n
+ 2n
∫
x
xdx
(x2 + a2)n+1
=
x
(x2 + a2)n
+
+2n
∫
(x2 + a2)− a2
(x2 + a2)n+1
dx =
x
(x2 + a2)n
+ 2n
∫
dx
(x2 + a2)n︸ ︷︷ ︸
In
−
−2na2
∫
dx
(x2 + a2)n+1︸ ︷︷ ︸
In+1
.
Ïîëó÷èëè, ÷òî
In =
x
(x2 + a2)n
+ 2n In − 2na2 In+1,
îòêóäà ñëåäóåò, ÷òî
In+1 =
1
2na2
· x
(x2 + a2)n
+
2n− 1
2na2
In.
Ïîëó÷åííîå ñîîòíîøåíèå, ïîçâîëßþùåå ïî èçâåñòíîìó In íàéòè
In+1, íàçûâàåòñß ðåêóððåíòíûì ñîîòíîøåíèåì èëè ðåêóððåíò-
íîé ôîðìóëîé.
Èíòåãðàë I1 âû÷èñëßåòñß íåïîñðåäñòâåííî:
I1 =
∫
dx
x2 + a2
=
1
a
arctg
x
a
+ C.
Çíà÷åíèß In äëß n > 1 íàõîäèì ïîñëåäîâàòåëüíî ñ ïîìîùüþ
ðåêóððåíòíîé ôîðìóëû, íàïðèìåð:
I2 = I1+1 = [n = 1] =
1
2a2
· x
x2 + a2
+
1
2a2
I1.
Òàêèì îáðàçîì,
I2 =
∫
dx
(x2 + a2)2
=
1
2a2
· x
x2 + a2
+
1
2a3
arctg
x
a
+ C.
I3 = I2+1 = [n = 2] =
1
4a2
· x
(x2 + a2)2
+
3
4a2
I2 = . . . .
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5.8. Ïðîñòåéøèå èíòåãðàëû, ñîäåðæàùèå êâàäðàòíûé òðåõ-
÷ëåí.
Ê íèì îòíîñßò èíòåãðàëû âèäà
(1)
∫
Ax+B
ax2 + bx+ c
dx; (2)
∫
Ax+B√
ax2 + bx+ c
dx;
(3)
∫
(Ax+B)
√
ax2 + bx+ c dx;
(4)
∫
dx
(x− γ)m√ax2 + bx+ c (m = 1, 2).
Äëß âû÷èñëåíèß ïåðâûõ òðåõ èíòåãðàëîâ íóæíî âûäåëèòü èç
êâàäðàòíîãî òðåõ÷ëåíà ax2 + bx+ c ïîëíûé êâàäðàò:
ax2 + bx+ c = a(x+ p)2 + q;
ñäåëàòü çàìåíó ïåðåìåííîãî: x + p = z è âîñïîëüçîâàòüñß òàá-
ëè÷íûìè èíòåãðàëàìè XVXXII.
Ïðè âû÷èñëåíèè èíòåãðàëà∫
dx
(x− γ)m√ax2 + bx+ c
ïðåäâàðèòåëüíî äåëàåòñß çàìåíà 1
x−γ = z (åå ìîæíî îñóùå-
ñòâèòü â äâà ýòàïà: x−γ = t; 1
t
= z) è òîëüêî çàòåì âûäåëßåòñß
ïîëíûé êâàäðàò.
Ïðîäåìîíñòðèðóåì ýòî íà ïðèìåðàõ.
1840.
∫
x+1
x2+x+1
dx.
Âûäåëèì ïîëíûé êâàäðàò â çíàìåíàòåëå:
x2 + x+ 1 = x2 + 2 · x · 1
2
+
(1
2
)2
+
3
4
=
(
x+
1
2
)2
+
(√3
2
)2
.
Ââåäß íîâîå ïåðåìåííîå u = x+ 1
2
, ïîëó÷èì:∫
x+ 1
x2 + x+ 1
dx =
∫ (
x+ 1
2
)
+ 1
2(
x+ 1
2
)2
+
(√
3
2
)2 dx = ∫ u+ 12
u2 +
(√
3
2
)2 du =
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=
∫
udu
u2 +
(√
3
2
)2 + 12
∫
du
u2 +
(√
3
2
)2 = (èñïîëüçóåì òàáëè÷íûå
èíòåãðàëû XVI, XVII) = 1
2
ln
(
u2 +
3
4
)
+
1
2
· 2√
3
arctg
u
√
3
2
+C =
=
1
2
ln
((
x+
1
2
)2
+
(√3
2
)2)
+
1√
3
arctg
2
(
x+ 1
2
)
√
3
+ C =
=
1
2
ln(x2 + x+ 1) +
1√
3
arctg
2x+ 1√
3
+ C.
1843.
∫
x5dx
x6−x3−2 .
Èìååì:∫
x5dx
x6 − x3 − 2 =
∫
x3 · x2dx
(x3)2 − x3 − 2 =
[
u = x3
]
=
1
3
∫
udu
u2 − u− 2
=
1
3
∫
udu(
u− 1
2
)2 − 9
4
=
1
3
∫ (
u− 1
2
)
+ 1
2(
u− 1
2
)2 − 9
4
du =
[
u− 1
2
= z
]
=
=
1
3
∫
zdz
z2 − 9
4
+
1
6
∫
dz
z2 − 9
4
=
1
6
ln
∣∣∣z2 − 9
4
∣∣∣+ 1
12
· 2
3
ln
∣∣∣∣z − 32z + 3
2
∣∣∣∣+
+C =
1
18
ln
∣∣∣∣∣∣∣
(
z − 3
2
)3(
z + 3
2
)3(
z − 3
2
)
(
z + 3
2
)
∣∣∣∣∣∣∣+ C =
=
1
18
ln
∣∣∣∣(z − 32)4(z + 32)2
∣∣∣∣+ C = 19 ln
∣∣∣∣(z − 32)2(z + 32)
∣∣∣∣+ C =
=
1
9
ln
∣∣(x3 − 2)2(x3 + 1)∣∣+ C.
Çàìå÷àíèå. Èíòåãðàë
∫
udu
u2−u−2 ìîæíî âû÷èñëèòü è ïî-äðóãîìó
 ðàñêëàäûâàß äðîáü u
u2−u−2 íà ïðîñòåéøèå. Ïîäðîáíî îá ýòîì
ìåòîäå áóäåò ðàññêàçàíî â ðàçäåëå, ïîñâßùåííîì èíòåãðèðîâà-
íèþ ðàöèîíàëüíûõ ôóíêöèé.
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1844.
∫
dx
3 sin2 x−8 sinx cosx+5 cos2 x .
Êâàäðàòíûé òðåõ÷ëåí â çíàìåíàòåëå ïîëó÷èì, ïåðåéäß ê íîâî-
ìó àðãóìåíòó tg x = u. Äåéñòâèòåëüíî:∫
dx
3 sin2 x− 8 sin x cos x+ 5 cos2 x =
∫
1
3 tg2 x− 8 tg x+ 5 ·
dx
cos2 x
=
[
tg x = u
]
=
∫
1
3u2 − 8u+ 5du.
Âûäåëèì ïîëíûé êâàäðàò:
3u2− 8u+5 = 3
(
u2− 8
3
u+
5
3
)
= 3
(
u2− 2 ·u · 4
3
+
16
9
− 16
9︸ ︷︷ ︸
0
+
5
3
)
=
= 3
((
u− 4
3
)2
− 16
9
+
15
9
)
= 3
((
u− 4
3
)2
−
(1
3
)2)
.
Ïðîäîëæàåì èíòåãðèðîâàòü:∫
1
3u2 − 8u+ 5du =
1
3
∫
du(
u− 4
3
)2
−
(
1
3
)2 = 13 ·32 ln
∣∣∣∣u− 43 − 13u− 4
3
+ 1
3
∣∣∣∣+C =
=
1
2
ln
∣∣∣∣u− 53u− 1
∣∣∣∣+C = 12 ln
∣∣∣∣tg x− 53tg x− 1
∣∣∣∣+C = 12 ln
∣∣∣∣3 sin x− 5 cos xsinx− cosx
∣∣∣∣+C˜,
(C˜ = C − 1
2
ln 3).
1847.
∫
dx√
1−2x−x2 .
Âûäåëèì ïîëíûé êâàäðàò â ïîäêîðåííîì âûðàæåíèè:
1− 2x− x2 = 2− (1 + 2x+ x2) = 2− (x+ 1)2.
Ïîëó÷àåì:∫
dx√
1− 2x− x2 =
∫
dx√
2− (x+ 1)2 = arcsin
x+ 1√
2
+ C,
(ïðè âû÷èñëåíèè áûë èñïîëüçîâàí òàáëè÷íûé èíòåãðàë XIX).
Â ñëåäóþùåé çàäà÷å ïðåäëàãàåòñß äîêàçàòåëüñòâî áîëåå îá-
ùåãî ðåçóëüòàòà.
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1850. Äîêàçàòü, ÷òî åñëè y = ax2 + bx+ c (a 6= 0), òî∫
dx√
y
=
{
1√
a
ln
(
y′
2
+
√
ay
)
+ C ïðè a > 0,
1√−a arcsin
−y′√
b2−4ac + C ïðè a < 0.
Äîêàçàòåëüñòâî.
1. Ðàññìîòðèì ñëó÷àé a > 0. Ïðåîáðàçóåì ðàäèêàë:√
ax2 + bx+ c =
=
√
1
a
(a2x2 + abx+ ac) =
1√
a
√(
ax+
b
2
)2
+
4ac− b2
4
.
Èíòåãðèðóåì:∫
dx√
y
=
∫
dx√
ax2 + bx+ c
=
∫ √
adx√(
ax+ b
2
)2
+ 4ac−b
2
4
=
(èñïîëüçóåì òàáëè÷íûé èíòåãðàë XVIII)
=
√
a
a
ln
∣∣∣∣∣∣ax+ b2 +
√(
ax+
b
2
)2
+
4ac− b2
4
∣∣∣∣∣∣+ C =
=
1√
a
ln
∣∣∣∣2ax+ b2 +√a2x2 + abx+ ac
∣∣∣∣+ C =
=
1√
a
ln
∣∣∣∣y′2 +√ay
∣∣∣∣+ C (÷òî è òðåáîâàëîñü äîêàçàòü).
2. Ðàññìîòðèì ñëó÷àé a < 0. Ïðåîáðàçóåì ðàäèêàë:
√
ax2 + bx+ c =
√
1
−a(−a
2x2 − abx− ac) =
=
1√−a
√
−
((
ax+
b
2
)2
+
4ac− b2
4
)
=
57
=
1√−a
√
b2 − 4ac
4
−
(
ax+
b
2
)2
.
Î÷åâèäíî, ÷òî ýòà ñèòóàöèß âîçìîæíà ëèøü ïðè óñëîâèè
b2 − 4ac > 0. Èíòåãðèðóåì:∫
dx√
y
=
∫
dx√
ax2 + bx+ c
=
∫ √−adx√
b2−4ac
4
−
(
ax+ b
2
)2 =
(èñïîëüçóåì òàáëè÷íûé èíòåãðàë XIX)
=
√−a
a
arcsin
ax+ b
2√
b2−4ac
4
+ C =
[
a = −(−a) = −
√
(−a)2
]
=
= − 1√−a arcsin
ax+ b
2√
b2−4ac
4
+ C = − 1√−a arcsin
2ax+ b√
b2 − 4ac + C =
=
1√−a arcsin
−y′√
b2 − 4ac + C (÷òî è òðåáîâàëîñü äîêàçàòü).
Òàêèì îáðàçîì, ñîãëàñíî äîêàçàííîìó ðåçóëüòàòó, ïðè âû÷èñ-
ëåíèè èíòåãðàëîâ âèäà
∫
dx√
ax2+bx+c
ìîæíî ïîëó÷èòü, â çàâèñè-
ìîñòè îò çíàêà a, ëèáî àðêñèíóñ, ëèáî ëîãàðèôì ñ ñîîòâåòñòâó-
þùèìè àðãóìåíòàìè è ìíîæèòåëßìè.
Çàìå÷àíèå. Ïðè ðàáîòå ñ êîíêðåòíûì èíòåãðàëîì óêàçàííîãî
âèäà ìû âñå æå íå ðåêîìåíäóåì ñðàçó ïîëüçîâàòüñß äîêàçàííîé
â çàäà÷å ôîðìóëîé, à ñîâåòóåì êàæäûé ðàç ïîëíîñòüþ äåëàòü
ñîîòâåòñòâóþùèå âûêëàäêè (âûäåëåíèå ïîëíîãî êâàäðàòà, çà-
ìåíà ïåðåìåííîãî, ñâåäåíèå ê òàáëè÷íîìó èíòåãðàëó). Òîëüêî
òàê Âû ñìîæåòå ïðèîáðåñòè è çàêðåïèòü óìåíèå èíòåãðèðîâàòü
âûðàæåíèß, ñîäåðæàùèå êâàäðàòíûé òðåõ÷ëåí. À îáùóþ ôîð-
ìóëó ìîæíî, â ñëó÷àå íåîáõîäèìîñòè, èñïîëüçîâàòü äëß ïðîâåð-
êè ðåçóëüòàòà.
1852.
∫
x+1√
x2+x+1
dx.
Êàê è ðàíüøå, ïåðâûé øàã  âûäåëåíèå ïîëíîãî êâàäðàòà â
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x2 + x+ 1:
x2 + x+ 1 =
(
x+
1
2
)2
+
3
4
.
Ñëåäóþùèé øàã  çàìåíà ïåðåìåííîãî: x+ 1
2
= z. Ïîëó÷àåì:
∫
x+ 1√
x2 + x+ 1
dx =
∫ (x+ 1
2
)
+ 1
2√(
x+ 1
2
)2
+ 3
4
d
(
x+
1
2
)
=
=
∫
z + 1
2√
z2 + 3
4
dz =
∫
zdz√
z2 + 3
4
+
1
2
∫
dz√
z2 + 3
4
=
(èñïîëüçóåì òàáëè÷íûå èíòåãðàëû XX è XVIII)
=
√
z2 +
3
4
+
1
2
ln
∣∣∣∣∣z +
√
z2 +
3
4
∣∣∣∣∣+ C = √x2 + x+ 1+
+
1
2
ln
∣∣∣x+ 1
2
+
√
x2 + x+ 1
∣∣∣+ C.
1855.
∫
x+x3√
1+x2−x4dx.
Î÷åâèäíî, ÷òî ê èíòåãðàëó, ñîäåðæàùåìó êâàäðàòíûé òðåõ÷ëåí,
íàñ ïðèâåäåò çàìåíà ïåðåìåííîãî x2 = u:∫
x+ x3√
1 + x2 − x4dx =
∫
1 + x2√
1 + x2 − (x2)2xdx =
=
1
2
∫
1 + x2√
1 + x2 − (x2)2d(x
2) =
1
2
∫
1 + u√
1 + u− u2du.
Âûäåëßåì ïîëíûé êâàäðàò â ïîäêîðåííîì âûðàæåíèè:
1+u−u2 = −(u2−u)+1 = −(u2−2·u·1
2
+
1
4
−1
4
)+1 = −
(
u−1
2
)2
+
5
4
;
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ââîäèì íîâîå ïåðåìåííîå: u− 1
2
= z.
Ïðîäîëæàåì èíòåãðèðîâàòü:
1
2
∫
1 + u√
1 + u− u2du =
1
2
∫ (u− 1
2
)
+ 3
2√
5
4
−
(
u− 1
2
)2d(u− 12) =
=
1
2
∫
z + 3
2√
5
4
− z2
dz =
1
2
∫
zdz√
5
4
− z2
dz +
3
4
∫
dz√(√
5
2
)2
− z2
=
(èñïîëüçóåì òàáëè÷íûå èíòåãðàëû XX è XIX)
= −1
2
√
5
4
− z2 + 3
4
arcsin
z
√
5
2
+ C =
= −1
2
√
1 + x2 − x4 + 3
4
arcsin
2x2 − 1√
5
+ C.
1856.
∫
dx
x
√
x2+x+1
.
Ýòî èíòåãðàë âèäà (4), êîòîðûé, êàê èçâåñòíî, ñâîäèòñß ê îäíî-
ìó èç èíòåãðàëîâ âèäà (1)(3) ïðåäâàðèòåëüíîé çàìåíîé ïåðå-
ìåííîãî 1
x
= z. Äåéñòâèòåëüíî:∫
dx
x
√
x2 + x+ 1
=
∫
dx
x
√
x2(1 + 1
x
+ 1
x2
)
=
∫
dx
x|x|
√
1 + 1
x
+
(
1
x
)2
=
1
sgnx
∫ dx
x2√
1 + 1
x
+
(
1
x
)2 = − 1sgnx
∫
d
(
1
x
)√
1 + 1
x
+
(
1
x
)2 =
=
[
1
x
= z
]
= − 1
sgn z
∫
dz√
1 + z + z2︸ ︷︷ ︸
èíòåãðàë âèäà (2)
= − 1
sgn z
∫
dz√(
z + 1
2
)2
+ 3
4
=
= − 1
sgn z
ln
∣∣∣∣∣z + 12 +
√(
z +
1
2
)2
+
3
4
∣∣∣∣∣+ C =
60
= − 1
sgnx
ln
∣∣∣∣∣1x + 12 +
√
1 +
1
x
+
(1
x
)2∣∣∣∣∣+ C =
= − 1
sgnx
ln
∣∣∣∣∣x+ 22x +
√
x2 + x+ 1
|x|
∣∣∣∣∣+ C = I.
Ïðè x > 0:
I = − ln
∣∣∣∣∣x+ 2 + 2
√
x2 + x+ 1
2x
∣∣∣∣∣+ C =
= − ln
∣∣∣∣∣x+ 2 + 2
√
x2 + x+ 1
x
∣∣∣∣∣+ C˜, (C˜ = C + ln 2).
Ïðè x < 0:
I = ln
∣∣∣∣∣x+ 2− 2
√
x2 + x+ 1
2x
∣∣∣∣∣+ C =
= ln
∣∣∣∣∣(x+ 2− 2
√
x2 + x+ 1)(x+ 2 + 2
√
x2 + x+ 1)
2x(x+ 2 + 2
√
x2 + x+ 1)
∣∣∣∣∣+ C =
= ln
∣∣∣∣ (x+ 2)2 − 4(x2 + x+ 1)2x(x+ 2 + 2√x2 + x+ 1)
∣∣∣∣+ C =
= ln
∣∣∣∣ −3x22x(x+ 2 + 2√x2 + x+ 1)
∣∣∣∣+C = ln ∣∣∣∣ xx+ 2 + 2√x2 + x+ 1
∣∣∣∣+
+C˜ = − ln
∣∣∣∣∣x+ 2 + 2
√
x2 + x+ 1
x
∣∣∣∣∣+ C˜,
(
C˜ = C + ln
3
2
)
.
Òàêèì îáðàçîì, âíå çàâèñèìîñòè îò çíàêà x, ïîëó÷àåì:∫
dx
x
√
x2 + x+ 1
= − ln
∣∣∣∣∣x+ 2 + 2
√
x2 + x+ 1
x
∣∣∣∣∣+ C.
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1858.
∫
dx
(x+1)
√
x2+1
.
Ñäåëàåì çàìåíó ïåðåìåííîãî: x + 1 = t, x = t − 1, dx = dt.
Ïîëó÷èì:∫
dx
(x+ 1)
√
x2 + 1
=
∫
dt
t
√
(t− 1)2 + 1 =
∫
dt
t
√
t2 − 2t+ 2 =
=
∫
dt
t|t|
√
1− 2
t
+ 2
t2
= − 1
sgn t
∫
d
(
1
t
)√
1− 2
t
+ 2
t2
=
[
1
t
= z
]
=
= − 1
sgn z
∫
dz√
1− 2z + 2z2 = −
1
sgn z
· 1√
2
∫
dz√
z2 − z + 1
2
=
= − 1√
2 sgn z
∫
dz√(
z − 1
2
)2
+ 1
4
=
= − 1√
2 sgn z
ln
∣∣∣∣∣z − 12 +
√(
z − 1
2
)2
+
1
4
∣∣∣∣∣+ C =
= − 1√
2 sgn z
ln
∣∣∣∣∣2z − 1 +
√
2(2z2 − 2z + 1)
2
∣∣∣∣∣+ C =
= − 1√
2 sgn t
ln
∣∣∣∣∣∣∣∣
2
t
− 1 +
√
2
(
2
t2
− 2
t
+ 1
)
2
∣∣∣∣∣∣∣∣+ C =
= − 1√
2 sgn t
ln
∣∣∣∣∣2− t+ sgn t
√
2(2− 2t+ t2)
2t
∣∣∣∣∣+ C = I.
Ïðè t > 0 ïîëó÷àåì:
I = − 1√
2
ln
∣∣∣∣∣2− t+
√
2(2− 2t+ t2)
2t
∣∣∣∣∣+ C =
62
= − 1√
2
ln
∣∣∣∣∣1− x+
√
2(x2 + 1)
x+ 1
∣∣∣∣∣+ C˜ (C˜ = C + 1√2 ln 2).
Ïðåäëàãàåì ÷èòàòåëþ ñàìîñòîßòåëüíî ðàññìîòðåòü ñëó÷àé t < 0
è óáåäèòüñß â òîì, ÷òî è ïðè ýòîì óñëîâèè ðåçóëüòàò ïîëó÷àåòñß
òåì æå. Òàêèì îáðàçîì, ïîëó÷àåì:∫
dx
(x+ 1)
√
x2 + 1
= − 1√
2
ln
∣∣∣∣∣1− x+
√
2(x2 + 1)
x+ 1
∣∣∣∣∣+ C.
1860.
∫
dx
(x+2)2
√
x2+2x−5 .
Ýòî èíòåãðàë ÷åòâåðòîãî òèïà, ñîîòâåòñòâóþùèé ñëó÷àþm = 2.
Øàã ïåðâûé  çàìåíà x+ 2 = t, x = t− 2, dx = dt. Ïîëó÷àåì:∫
dx
(x+ 2)2
√
x2 + 2x− 5 =
∫
dt
t2
√
(t− 2)2 + 2(t− 2)− 5 =
=
∫
dt
t2
√
t2 − 2t− 5 .
Øàã âòîðîé  çàìåíà 1
t
= z:∫
dt
t2
√
t2 − 2t− 5 =
∫
dt
t2|t|
√
1− 2
t
− 5
t2
=
1
sgn t
∫ 1
t
· dt
t2√
1− 2
t
− 5
t2
=
= − 1
sgn t
∫ 1
t
d
(
1
t
)
√
1− 2
t
− 5
t2
= − 1
sgn z
∫
zdz√
1− 2z − 5z2 .
Øàã òðåòèé  âûäåëåíèå ïîëíîãî êâàäðàòà â ïîäêîðåííîì âû-
ðàæåíèè:
1− 2z − 5z2 = 1− 5
(
z2 +
2
5
z
)
= 1− 5
(
z2 + 2 · z · 1
5
+
1
52
− 1
52
)
=
= 1− 5
(
z +
1
5
)2
+
1
5
=
6
5
− 5
(
z +
1
5
)2
.
63
Ïðîäîëæàåì èíòåãðèðîâàòü:
− 1
sgn z
∫
zdz√
1− 2z − 5z2 = −
1
sgn z
∫ (z + 1
5
)
− 1
5√
6
5
− 5
(
z + 1
5
)2d(z+15) =
=
[
z +
1
5
= u
]
= − 1
sgn z
∫
u− 1
5√
6
5
− 5u2
du =
= − 1√
5 sgn
(
u− 1
5
) ∫ u− 15√(√
6
5
)2
− u2
du =
= − 1√
5 sgn
(
u− 1
5
)

∫
udu√(√
6
5
)2
− u2
− 1
5
∫
du√(√
6
5
)2
− u2
 =
= − 1√
5 sgn
(
u− 1
5
)
−
√√√√(√6
5
)2
− u2 − 1
5
arcsin
u
√
6
5
+ C =
=
1
sgn
(
u− 1
5
) {1
5
√
6
5
− 5u2 + 1
5
√
5
arcsin
5u√
6
}
+ C =
=
1
sgn z
{
1
5
√
1− 2z − 5z2 + 1
5
√
5
arcsin
5z + 1√
6
}
+ C =
=
1
sgn t
{
1
5
√
1− 2
t
− 5
t2
+
1
5
√
5
arcsin
5
t
+ 1√
6
}
+ C =
=
1
sgn t
{
1
5
√
t2 − 2t− 5
|t| +
1
5
√
5
arcsin
5 + t√
6 t
}
+ C =
=
1
5
√
t2 − 2t− 5
t
+
1
5
√
5
arcsin
5 + t√
6 |t| + C =
64
=
1
5
√
x2 + 2x− 5
x+ 2
+
1
5
√
5
arcsin
x+ 7√
6 |x+ 2| + C.
1862.
∫ √
2 + x+ x2dx.
Âûäåëßåì ïîëíûé êâàäðàò â ïîäêîðåííîì âûðàæåíèè:
2 + x+ x2 =
(
x+
1
2
)2
+
7
4
è äåëàåì çàìåíó ïåðåìåííîãî: x+ 1
2
= z. Èìååì:∫ √
2 + x+ x2dx =
∫ √(
x+
1
2
)2
+
7
4
d
(
x+
1
2
)
=
=
∫ √
z2 +
7
4
dz︸ ︷︷ ︸
òàáë. èíòåãðàë XXII
=
z
2
√
z2 +
7
4
+
7
8
ln
∣∣∣∣∣z +
√
z2 +
7
4
∣∣∣∣∣+ C =
=
x+ 1
2
2
√
2 + x+ x2 +
7
8
ln
∣∣∣∣x+ 12 +√2 + x+ x2
∣∣∣∣+ C =
=
2x+ 1
4
√
2 + x+ x2 +
7
8
ln
∣∣∣∣x+ 12 +√2 + x+ x2
∣∣∣∣+ C.
1864.
∫
1−x+x2
x
√
1+x−x2dx.
Ðàçáèâàß èíòåãðàë íà äâà ñëàãàåìûõ:∫
1− x+ x2
x
√
1 + x− x2dx =
∫
dx
x
√
1 + x− x2 −
∫
1− x√
1 + x− x2dx,
ïîëó÷àåì èíòåãðàëû âèäà (4) è (2) ñîîòâåòñòâåííî, âû÷èñëåíèå
êîòîðûõ ïîäðîáíî ðàññìîòðåíî âûøå. Ïðåäëàãàåì ÷èòàòåëþ ñà-
ìîñòîßòåëüíî ïðîäîëæèòü èíòåãðèðîâàíèå è ïîëó÷èòü ñëåäóþ-
ùèé ðåçóëüòàò:∫
1− x+ x2
x
√
1 + x− x2dx = −
√
1 + x− x2 + 1
2
arcsin
1− 2x√
5
−
− ln
∣∣∣∣2 + x+ 2√1 + x− x2x
∣∣∣∣+ C.
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1865.
∫
x2+1
x
√
x4+1
dx.
Çàìåòèâ, ÷òî
dx
x
=
xdx
x2
=
1
2
d(x2)
x2
,
ïîëó÷èì:∫
x2 + 1
x
√
x4 + 1
dx =
1
2
∫
x2 + 1
x2
√
(x2)2 + 1
d(x2) =
[
x2 = t
]
=
=
1
2
∫
t+ 1
t
√
t2 + 1
dt =
1
2
∫
dt√
t2 + 1
+
1
2
∫
dt
t
√
t2 + 1
.
È âíîâü ïîëó÷àåì èíòåãðàëû, àíàëîãè êîòîðûõ äåòàëüíî ðàñ-
ñìàòðèâàëèñü âûøå. Çàâåðøåíèå âû÷èñëåíèé ïðåäëàãàåòñß ÷è-
òàòåëþ. Èòîã:∫
x2 + 1
x
√
x4 + 1
dx = ln
∣∣∣∣∣x2 − 1 +
√
x4 + 1
x
∣∣∣∣∣+ C.
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6. Çàäà÷è äëß ñàìîñòîßòåëüíîé ðàáîòû
1.
∫
(2− 3√x)2dx. 2.
∫ (√
x+ 3
√
x
4
√
x
)
dx.
3.
∫ (
1
x
+
2
x2
+
3
x3
)
dx. 4.
∫
(1 + x)3
x2
dx.
5.
∫
x2
1− x2dx. 6.
∫
4− x2
3 + x2
dx.
7.
∫
1
(x2 + 1)(x2 − 3)dx. 8.
∫
dx
x4 − 1 .
9.
∫
1 + 2x2
x2(1 + x2)
dx. 10.
∫ √
1 + x2 +
√
1− x2√
1− x4 dx.
11.
∫
dx
2x2 + 3
. 12.
∫
dx
3x2 − 7 .
13.
∫
dx√
2− x2 . 14.
∫
dx√
2x2 + 5
.
15.
∫
dx√
3x2 − 7 . 16.
∫
(5x − 2x)2 dx.
17.
∫
22x−1 − 32x+3
62x
dx. 18.
∫
2x · 3x · 5xdx.
19.
∫
e3x − 1
ex − 1 dx. 20.
∫
sin2
x
2
dx.
21.
∫
dx
sin2 x cos2 x
. 22.
∫
ctg2 xdx.
23.
∫
(2 chx− 3 sh x)dx. 24.
∫
th2 xdx.
25.
∫
dx
2x+ 3
. 26.
∫
2 + x
1 + x
dx.
27.
∫
(2x+ 5)17dx. 28.
∫
dx
(1− 3x)30 .
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29.
∫
dx√
1− 2x. 30.
∫
x(x− 2)5dx.
31.
∫
(x+ 2)
√
x− 2dx. 32.
∫
x2 + 1
x+ 1
dx.
33.
∫
(2x+ 3)2(1− x)8dx. 34.
∫
x3dx
x2 − 4 .
35.
∫
3x− 1√
x2 + 4
dx. 36.
∫
x+ 2√
x2 − 10dx.
37.
∫
1− 4x√
1− 2x2dx. 38.
∫
x
√
1− x2dx.
39.
∫
xdx
1 + x4
. 40.
∫
x2dx
x6 − 5 .
41.
∫
1
x ln5 x
dx. 42.
∫
dx
x(2 + ln2 x)
.
43.
∫ 3√
ln2 x
x
dx. 44.
∫
ex + e2x
1− ex dx.
45.
∫
sin 5x dx. 46.
∫
cos
x
7
dx.
47.
∫
1√
x
cos
√
x dx. 48.
∫
cosx dx
1 + sin x
.
49.
∫
(sinx+ 2 cos x)2dx. 50.
∫
ex cos ex dx.
51.
∫
cosx dx
1 + cos2 x
. 52.
∫
dx
sin2 7x
.
53.
∫
dx
cos2 8x
. 54.
∫
1
sin 3x
dx.
55.
∫
dx
sinx+ cos x
. 56.
∫
1
cos2 x
· dx
1 + tg x
.
57.
∫
1
sin2 x
· dx
1 + tg x
. 58.
∫
sinx cosx dx√
3− sin4 x
.
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59.
∫
arcctg 3x
1 + 9x2
dx. 60.
∫
x+
√
arctg 2x
1 + 4x2
dx.
61.
∫
arcsinx− arccos x√
1− x2 dx. 62.
∫
x+ arcsin3 2x√
1− 4x2 dx.
63.
∫
x+ arccos
3
2 x√
1− x2 dx. 64.
∫
(shx− chx)2dx.
65.
∫
dx
sh2 x ch2 x
. 66.
∫
x sinx dx.
67.
∫
x cos2 x dx. 68.
∫
x
cos2 x
dx.
69.
∫
x sinx
cos2 x
dx. 70.
∫
ln2 x dx.
71.
∫
lnx
x2
dx. 72.
∫
x2 ln(1 + x) dx.
73.
∫
x ln
(
1 +
1
x
)
dx. 74.
∫ √
x2 + 3 dx.
75.
∫
arccosx dx. 76.
∫
x arcsinx dx.
77.
∫
3 + 2x2
1 + x2
arctg x dx. 78.
∫
eαx sin βx dx.
79.
∫
cos2(ln x)dx. 80.
∫
ln cos x
cos2 x
dx.
81.
∫
x arccos
1
x
dx. 82.
∫
1
cos3 x
dx.
83.
∫
ctg5 x dx. 84.
∫
x2
√
a2 + x2 dx.
85.
∫
x2
√
a2 − x2 dx 86.
∫
x2
√
x2 − a2 dx.
87.
∫
x2
(a2 − x2) 32 dx. 88.
∫
x4
(x2 + a2)2
dx.
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89.
∫
5
√
xdx. 90.
∫
x cos
√
x dx.
91.
∫
1− 2x
2x2 − 4x− 6dx. 92.
∫
7− 3x√
x2 + x+ 1
dx.
93.
∫
e2x + 3ex√
e2x + ex + 1
dx. 94.
∫
cosxdx√
1− 4 sin x+ cos2 x.
95.
∫
dx
(x− 1)√4x2 − 10x+ 7 . 96.
∫
(x+ 2)
√
x2 + x+ 1 dx.
97.
∫
x3 + x
x4 − x2 − 1dx. 98.
∫
x− x3√
1 + x2 + x4
dx.
99.
∫
x3 dx
x4 − x2 + 5 . 100.
∫
dx
x
√
x4 + x2 + 1
.
101.
∫
(x+ 1)2
x
√
1 + 3x+ x2
dx. 102.
∫
(x3 + x)
√
1 + x4 dx.
103.
∫ √
cos 2x cosxdx. 104.
∫ √
cos 2x sinxdx.
7. Îòâåòû
Â ïðèâåäåííûõ íèæå îòâåòàõ ðàäè êðàòêîñòè àääèòèâíàß ïî-
ñòîßííàß C îïóùåíà.
1. 4x− 8x 32 + 9
2
x2. 2. 4
5
x
5
4 + 12
13
x
13
12 . 3. ln |x| − 2
x
− 3
2x2
. 4. − 1
x
+
+3 ln |x| + 3x + x2
2
. 5. − x + 1
2
ln
∣∣1+x
1−x
∣∣ . 6. − x + 7√
3
arctg x√
3
.
7. 1
8
√
3
ln
∣∣∣x−√3
x+
√
3
∣∣∣− 14 arctg x. 8. 14 ln ∣∣x−1x+1∣∣− 12 arctg x. 9. arctg x−
− 1
x
. 10. arcsinx+ln |x+√1 + x2|. 11. 1√
6
arctg
√
2
3
x. 12. 1
2
√
21
×
× ln
∣∣∣√3x−√7√
3x+
√
7
∣∣∣ . 13. arcsin x√
2
. 14. 1√
2
ln |√2x+√2x2 + 5|. 15. 1√
3
×
× ln |√3x +√3x2 − 7|. 16. 25x
ln 25
− 2·10x
ln 10
+ 4
x
ln 4
. 17. − 1
2 ln 9
(
1
9
)x
+
+ 27
ln 4
(
1
4
)x
. 18. 30
x
ln 30
. 19. e
2x
2
+ ex+ x. 20. 1
2
x− sinx
2
. 21. tg x−
− ctg x. 22.−x−ctg x. 23. 2 sh x−3 chx. 24.−th x+x. 25. 1
2
×
70
× ln |2x + 3|. 26. x + ln |1 + x|. 27. 1
36
(2x + 5)18. 28. 1
87
×
×(1−3x)−29. 29. −√1− 2x. 30. 1
7
(x−2)7+ 1
3
(x−2)6. 31. 2
5
×
×(x− 2) 52 + 8
3
(x− 2) 32 . 32. (x+1)2
2
− 2x+ 2 ln |1 + x|. 33. − 4
11
×
×(1 − x)11 + 2(1 − x)10 − 25
9
(1 − x)9. 34. x2
2
+ 2 ln |x2 − 4|.
35. 3
√
x2 + 4 − ln |x+√x2 + 4|. 36.√x2 − 10+2 ln |x+√x2 − 10|.
37. 1√
2
arcsinx
√
2+2
√
1− 2x2. 38. − 1
3
(1−x2) 32 . 39. 1
2
arctg x2.
40. 1
6
√
5
ln
∣∣∣x3−√5
x3+
√
5
∣∣∣ . 41. − 1
4 ln4 x
. 42. 1√
2
arctg lnx√
2
. 43. 3
5
ln
5
3 x.
44. −ex−2 ln |ex−1|. 45. − 1
5
cos 5x. 46. 7 sin 1
7
x. 47. 2 sin
√
x.
48. ln |1+sin x|. 49. 5
2
x−cos 2x+ 3
4
sin 2x. 50. sin ex. 51. 1
2
√
2
×
× ln
∣∣∣√2+sinx√
2−sinx
∣∣∣ . 52. − 17 ctg 7x. 53. 18 tg 8x. 54. 13 ln ∣∣tg 3x2 ∣∣ .
55. 1√
2
ln
∣∣tg (x
2
+ pi
8
)∣∣ . 56. ln |1 + tg x|. 57. − ctg x + ln |1 +
+ctg x|. 58. 1
2
arcsin sin
2 x√
3
. 59.−1
6
arcctg2 3x. 60. 1
8
ln(1+4x2)+
+1
3
arctg
3
2 2x. 61. 1
2
(arcsin2 x + arccos2 x). 62. − 1
4
√
1− 4x2+
+1
8
arcsin4 2x. 63. −√1− x2− 2
5
arccos
5
2 x. 64. 1
2
sh 2x− 1
2
ch 2x.
65. −2 cth 2x. 66. −x cosx+sin x. 67. x2
4
+ 1
4
x sin 2x+ 1
8
cos 2x.
68. x tg x + ln | cosx|. 69. x
cosx
− ln ∣∣tg (x
2
+ pi
4
)∣∣ . 70. x ln2 x −
−2x lnx+ 2x. 71. − lnx
x
− 1
x
. 72. x
3
3
ln(1 + x)− x3
9
+ x
2
6
− 1
3
x+
+1
3
ln(1+x). 73. x
2
2
ln
(
1 + 1
x
)
+ 1
2
x− 1
2
ln |1+x|. 74. x
2
√
x2 + 3+
+3
2
ln |x + √x2 + 3|. 75. x arccosx − √1− x2. 76. x2
2
arcsin x −
−1
4
arcsinx+ x
4
√
1− x2. 77. 2x arctg x− ln(1+x2)+ 1
2
arctg2 x.
78. α sinβx−β cosβx
α2+β2
eαx. 79. x
2
+x cos(2 lnx)+2x sin(2 lnx)
10
. 80. tg x×
× ln cos x+tg x−x. 81. x2
2
arccos 1
x
− 1
2
sgnx
√
x2 − 1. 82. sinx
2 cos2 x
+
+1
2
ln
∣∣tg (x
2
+ pi
4
)∣∣ . 83.− ctg4 x
4
+1
2
ctg2 x+ln | sinx|. 84. x(x2+a2)
3
2
4
−
−a2
8
x
√
x2 + a2 − a4
8
ln |x + √x2 + a2|. 85. − x
4
(a2 − x2) 32 +
+a
2
8
x
√
a2 − x2+ a4
8
arcsin x
a
. 86. x
4
(x2−a2) 32 + a2
8
x
√
x2 − a2− a4
8
×
× ln |x + √x2 − a2|. 87. x√
a2−x2 − arcsin xa . 88. x + a
2x
2(a2+x2)
−
−3a
2
arctg x
a
. 89. 2
ln 5
(√
x · 5√x − 5
√
x
ln 5
)
. 90. 2(3x − 6) cos√x +
71
+2(x
√
x − 6√x) sin√x. 91. − 1
2
ln |x2 − 2x − 3| − 1
8
ln
∣∣x−3
x+1
∣∣ .
92.−3√x2 + x+ 1+17
2
ln
∣∣x+ 1
2
+
√
x2 + x+ 1
∣∣ . 93.√e2x + ex + 1+
+5
2
ln
(
ex + 1
2
+
√
e2x + ex + 1
)
. 94. arcsin sinx+2√
6
. 95. − 1×
× ln
∣∣∣2−x+√4x2−10x+7x−1 ∣∣∣ . 96. 13(x2+x+1) 32+ 34 (x+ 12)√x2 + x+ 1+
+ 9
16
ln
∣∣x+ 1
2
+
√
x2 + x+ 1
∣∣ . 97. 1
4
ln | − 1 − x2 + x4| + 3
4
√
5
×
× ln
∣∣∣2x2−1−√5
2x2−1+√5
∣∣∣ . 98. − 12√1 + x2 + x4 + 34 ln ∣∣x2 + 12+
+
√
1 + x2 + x4
∣∣ . 99. 1
4
ln |x4 − x2 + 5| + 1
2
√
19
arctg 2x
2−1√
19
.
100. − 1
2
ln
∣∣∣2+x2+2√1+x2+x42x2 ∣∣∣ . 101.√x2 + 3x+ 1 + 12 ln ∣∣x+ 32+
+
√
x2 + 3x+ 1
∣∣ − ln ∣∣∣2+3x+2√x2+3x+1x ∣∣∣ . 102. 16(1 + x4) 32 + 14x2×
×√1 + x4+1
4
ln |x2+√1 + x4|. 103. 1
2
sinx
√
cos 2x+
√
2
4
arcsin(
√
2×
× sinx). 104. − 1
2
cosx
√
cos 2x−
√
2
4
ln |√2 cos x+√cos 2x|.
8. Ïðèëîæåíèå.
Ñîîòíîøåíèß ìåæäó ãèïåðáîëè÷åñêèìè ôóíêöèßìè
1. Îïðåäåëåíèå ñèíóñà è êîñèíóñà ãèïåðáîëè÷åñêèõ.
ch a =
ea + e−a
2
, sh a =
ea − e−a
2
.
2. Ñîîòíîøåíèß ìåæäó ãèïåðáîëè÷åñêèìè ôóíêöèßìè îäíîãî
è òîãî æå àðãóìåíòà.
ch2 a− sh2 a = 1;
th a =
sh a
ch a
, cth a =
ch a
sh a
(a 6= 0);
1
ch2 a
= 1− th2 a, 1
sh2 a
= cth2 a− 1 (a 6= 0).
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3. Ôîðìóëû ñëîæåíèß àðãóìåíòîâ.
ch(a± b) = ch a ch b± sh a sh b;
sh(a± b) = sh a ch b± ch a sh b;
th(a± b) = th a± th b
1± th a th b ;
cth(a± b) = cth a cth b± 1
cth b± cth a .
4. Ôîðìóëû äâîéíîãî àðãóìåíòà.
ch 2a = ch2 a+ sh2 a; sh 2a = 2 sh a ch a;
th 2a =
2 th a
1 + th2 a
; cth 2a =
1 + cth2 a
2 cth a
.
5. Ôîðìóëû ñëîæåíèß îäíîèìåííûõ ãèïåðáîëè÷åñêèõ ôóíê-
öèé.
ch a+ ch b = 2 ch
a+ b
2
ch
a− b
2
;
ch a− ch b = 2 sh a+ b
2
sh
a− b
2
;
sh a+ sh b = 2 sh
a+ b
2
ch
a− b
2
;
sh a− sh b = 2 sh a− b
2
ch
a+ b
2
;
th a± th b = sh(a± b)
ch a ch b
; cth a± cth b = sh(b∓ a)
sh a sh b
.
6. Ôîðìóëû ïðåîáðàçîâàíèß ïðîèçâåäåíèß â ñóììó.
ch a ch b =
1
2
[
ch(a+ b) + ch(a− b)
]
;
sh a sh b =
1
2
[
ch(a+ b)− ch(a− b)
]
;
sh a ch b =
1
2
[
sh(a+ b) + sh(a− b)
]
.
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7. Ôîðìóëû ïîíèæåíèß ñòåïåíè.
ch2 a =
ch 2a+ 1
2
; sh2 a =
ch 2a− 1
2
.
8. Âûðàæåíèå îáðàòíûõ ãèïåðáîëè÷åñêèõ ôóíêöèé ÷åðåç ëî-
ãàðèôìû.
Arch z = ln(z +
√
z2 − 1);
Arsh z = ln(z +
√
z2 + 1);
Arth z =
1
2
ln
1 + z
1− z ; Arcth z =
1
2
ln
z + 1
z − 1 .
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